CHAPTER 4
Curve Sketching

Review of Prerequisite Skills, pp. 162-163

lLa2vi+y-3=0
2y + 3}y = 1) =10

3
vE oS ory = ]
b, v’ = 5¢+ 3 =17
X2 =5¢r - 14=0
(x = (x+2)y=0
r=To0rx = -2
Ay + 200 +25 =0
(2x + 5¥(2x +5) =0
5
= -
2

dyv+dy+y—-6=0

y = lisazero.so v — 1isafactor. After
synthetic division. the polynomial factors to
(v — 1)(y? + 5v + 6).

So (v — 1)}y +3)(v+2)=40

v=1lory= =3ory= -2
2Z.a.3v+9<?
v < 7
x < 3
b.5(3 —x)=3x — |
1S = 5x=3x — |
16 = &x
8x = 16
x=2
c. £ =21<3
rF=21-3<0

(1—-3Ha+1)<0
Considert =3 and 1t = —1.

t values 1< 1 —1<g<3 t>3

(t+1) - + +

{t=3) - - +
(t—-3)t+ 1) + - +

The solutionis —1 < < 3.
d ¥+3xr—4>0
(x+4d)(x—-1)>0
Consider x = —4 and x = 1.
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x values X< ~4 ~f < x< x>
{(x+ 4) - + +
{x=-1) - - +
{x + 4}x ~1) + - +
The solution is x < ~4 orx > 1.
3. a. }4
3
2_
]_
X
2 3
b. 5
8-
6_
4_
y 1 X
EREELEY
—4
-6
—8-
~10
12
Y
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o
:
N_
g
O
I X

doa lim (¥ -4)=2" -4

=0
X+ 3x - 10
b, lim T 2x = 1

P x —2

(x5 - 2)
= hm

X2 x -2
= lim(x + 5)

y=2

o (x = (P + 3+ 9)
= \im

x—3 x—3
= lim (x” + 3x + 9)

-3
=3 4+ 3xX34+9
=77 L
d. lim V2x + 1
x4

=\V2x4+1
=3

5. a. f(x)

il

Z"A + 2xt — -

1
Zx“ + 2xt - x7!

i

fix)y=x+6x* +x7?

x+1
b. f(x) = 73

(x2 = 3)(1) = (x + 1)(20)

J'(x) (2= 3y
x> =3 - 2% -2
(x* = 3)

—x*—=2x -3
(x? = 3)

X+ 2x+3
(x* = 3)?
¢ flx) = (3x* — 6x)?

f(x) = 2(3x* — 6x)(6x — 6)
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2t

d.f(t)—\/[—_~4
— 2t
R Y
f) = —
4(1 — 4) 2
, Ni—-4 2Vi-4a
1 = s
a4 —4)—U
f@) = 2 - 4)
_ 2t—16
©2(1 — 4Y;
R
N
x — 8
6.a. x +307 —5x+4
x>+ 3x
~8x + 4
—8x — 24
2 28
{x —5x~4)v(.r(+3)—x—~8+x+3
x+7
box — U T 6r -9
X - x
Tx — 9
Tx — 17
-2
(xz—éx—-9)+(x—1)—-—x+7——-~2-~
x—1
7. f(x)=x>+05x>-2x+3
fi(x) =32 +x—2
Letf'(x) =0

P+ x—-2=0

Gx=2)(x+1)=0
— 2 o
X = 3 orx = —1
The points are (3,2.19) and (-1, 4.5).
8. a. If f(x) = x", where n is a real number,
then f'(x) = nx" "L
b. If f(x) = k, where k is a constant, then f'(x) = 0.
c. If k(x) = f(x)g(x), then
k'(x) = f'(x)g(x) = f(x)g'(x)
d. 1 h(x) = g(% then A’ (x)
_ ['(x)gx) — fx)g'(x)
O A
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e. If fand g are functions that have derivatives,
then the composite function A(x) = f(g(x)) has a
derivative given by h'(x) = f'(g(x))g'(x).

f. If 1 is a function of x, and n is a positive integer,

d ny . nmlflﬂ
then 11.((“ ) = nu T
9. a.lim2x> - 3x +4=x
lim 2x = 3x + 4 = =
b.lim2x? + 4x — 1 = =
Jim 2x 4+ 4x — 1 = —
clim-5x*+ 2 -6 +7x — 1= —x
lim =5x* 4+ 2x -~ 6x? + Tx =1 = -
’ TR
10.a. — = —
flx)  2x
Let2x = 0
x = 0, so the graph has a vertical asymptote at x = 0.
i i
fx)  —x 43
let —x +3 =20

x = 3, s0 the graph has a vertical asymptote at x = 3.

1 1

“Ho Tt Ayt
Let (x +4)° +1=0
There is no solution, so the graph has no vertical
asymptotes.
d. 1 _ 1 i

flxy (e +3)
Let (x +3)* =0

x-= —3, 50 the graph has a vertical asymptote at
x = —3.
. 5 .
11. a. lim Pt 0, so the horizontal asymptote
A=
isy = 0.
. 4x . .
b. lim . _‘ 5 = 4, so the horizontal asymptote is y = 4.
A%
. 3x ~ 5 1 . . 1
¢. lim 63 =250 the horizontal asymptote is y = 3.
o V-
. 10x — 4 .
d. lim <7 = 2, so the horizontal asymptote
X -
isy = 2.
12.a.i.y = P
To find the x-intercept, let y = 0.
S
x+ 1
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There is no solution, so there is no x-intercept.

. . 5
The y-intercept is y = 0T 5.
4x

x =2

To find the x-intercept, let y = 0.
4x

x -2 0

x =0

The y-intercept is y = 725 = 0.

3x = 5

6x — 3

To find the x-intercept, let y = (:

3x =5 -0

6x — 3

Therefore, 3x — 5

il y =

iii. y =

Wit ©

X =

The y-intercept is y = = = 3.

_10x — 4

B Sx

To find the x-intercept, lety = 0.

10x — 4 0
Sx B

Therefore, 10x — 4 =0

iv. y

X =

4

2
5
0~

The y-intercept is y = *4—, which is undefined, so

there-is no-y=intercept.
5

b.i.y = T

Domain: {xeR|x # —1}

Range: {yeR|y # 0}

. A

iy =~

Domain: {xe R|x # 2}

Range: {yeR|y # 4}

3x — 5

6x — 3

1
Domain: {xeR|x # 5}

jii. y =

1
Range: {yeR|y #* 5}

. _10x 4

iv. y = o

Domain: {x e R|x # 0}
Range: {yeR|y # 2}
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4.1 Increasing and Decreasing > M!St

la flx)=x>+6x" + 1 c o ilox <=2
f'(x) =3x" + 12x il -2 <x<2,2<x
Let f'/(x) = 0:3x(x +4) =10 iii. none
x=0orx = —4 d.i. —1 <x<2,3<x
The points are (0, 1) and (—4, 33). flox < —1,2<x <3
b, f(x) = V' + 4 iii. (2,3)
= (x2 + 4y 4. /
1) = 502 + 4720 AN
Vx?+ 4
Let f'(x) = O a. f(x) =X + 3 + 1
X f(x) = 3x° + 6x
Viia ! ' Let f'(x) = 0
Sox = 0. 3% + 6x =0
The point is (0, 2). 3x(x +2)=0
e flx) = (2x = 1¥(x* = 9) x=0o0rx= -2
Fix)=202x = D(2)Mx* = 9) + 2x(2x — 1)
let f’()() = {): X X< —2 -2 =2<x=0|0 x>0
2(2x — D{2(x* = 9) + x(2x = 1)) =0 mive
2(2x — )42 — x — 18) = 0 ) * 0 0 *
2(2x — 1)(4x — 9)(x + 2) = O ' ‘
1 9 Graph Increasing Decreasing Increasing
X = -Oorxy = -orx = -2
4 b. ==
This points are (4, 0), (2.25, —48.2) and [ N !
(-2, —125). :
d _Sx ‘l\,l [
Sl = x*+1 'k_,ll
Lo S(xP+ 1) = 5x(2x)  5(1 — x?) -
f1lx) = (x2 + 1)? (2 + 1) flx) = x> — 5x* + 100
Let f'(x) = O: fr(x) = 5x% = 200
c)(] _ XZ) l:etf’(xz =0
_(,\'2 1) = 5xP—=20x° =0
53 (x —4) =0

Therefore, 5(1 — x?) = 0 x=0orx =4,

(1-x)(1+x)=0
= *+1 x x<0 01 0<x<4 |4 x> 4
; 3. B T
The points are (1, 2) and ( 1, 2)‘ £00 " 0 - 0 "
2. A function is increasing when f'(x) > 0 and is
decreasing when f'(x) < 0. Graph Increasing Decreasing Increasing

Joaibx<-1,x>2
i, -1 <x<?2
iil. (—1,4), (2,-1)
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c.
-
_’f__,_,d-"’“.
X) = x o -
flx) = x4 -
., 1
J'(xy=1-=
X
Let f'(x) =0
1
1 —— =0
X"
X2 = 1=0
v = —lorx =1

Also note that f(x) is undefined for x = 0.

T

Il

3vt 4+ 4yt — 12¢?

Vo= 120 + 124 — 24x

i

Intervals of increasing:
12x% + 12x7 = 24x > 0

¥(x?+x—-2)>0

X(x - I)x+2)>0

Intervals of decreasing:
127 + 12x7 = 24x < 0

x(¥P+x=-2)<0

x(x = D(x+2)<0

X X - “1] -1<x<0 0 O<x=<111 x>
Fix) + 0 undefined - 0 +
Graph.| Increasing Decreasing Decreasing Increasing

d.
1"—“"——-\...._.
Se————
T
x — 1
flx) = 55—
flo) = 573
£(x) x4 3= 2x(x = 1)
X)) =
(x? + 3)?
Let f'(x) = 0, therefore, —x* + 2x + 3 = 0.
Orx*—2x-3=0
(x=-3Nx+1)=0
x=3o0orx = ~—1
x x < -1 -1 =1<x<3 |3 x> 3
{x) - 0 + 0 -
Graph | Decreasing Increasing Decreasing
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x < -2 -2 < n<0 O<x< 1 x <1
X - - + +
x =1 + - - +
H+ 2 + + +
y + + - +

Intervals of increasing: —2 < x < 0,x> 1

Intervals of decreasing: x < ~2,0 <x < 1

. ,\
\

y=x'+x—1

y' = 4xt + 2x

Interval of increasing:

4+ 20 >0

(2x*+1)>0

But 2x? + 1 is always positive.
Interval of increasing: x > 0
Interval of decreasing: x < ()
5()=(x—Dx+2)(x+3)
Let f'(x) = O:
Then (x = 1)(x +2)(x +3) =0

Interval of decreasing:

4x* + 2x < 0
x(2x*+ 1) <0

x=lorx=-2orx= -3
X x< -3 |-3 T3y -2l -2<x<1 ) x>
< -3
¥ {x) - 0 + 0 - 0 +
Graph | Decreasing Increasing Decreasing Increasing
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(2.5)

2100 12 3 4 5
(-1,0)71
—.2--

7. f(x) = x* + ax? + bx + ¢

f(x)=3x"+2ax + b
Since f(x) increases to (—3, 18) and then
decreases, f'¢3) = 0.
Therefore, 27 — 6a + b =0o0r6a — b =27. (1)
Since f(x) decreases to the point (1. —14) and then
increases (1) = 0.
Therefore,3 + 2alk + b = 0or2a + b= -3
Add (Hto (2) 8a = 24 and a = 3.
Whena =3, b=6+b=-3orb= -9
Since (1. ~14)isonthecurveanda = 3, b = =9,
then - 14 =1+3 <9 +¢

c= —9

The function is f(x) = x* + 3x> — 9x — 9.

8. v

(-56 &

(2)

9. a.i.x <4
f.x >4
iil. x = 4

3
T T334
._2_
...3_.

bh.i.x<—-1,x>1
. -1l <x<l1
fil.x = —1,x=1

4-6

c.i.—2<x<3
Ly < -2,x>3
fll.y=~-2,x=3
Y

o
—
[
i

X
)

b 12345

10. f(x) = ax’ + bx + ¢
f'(x)=2ax +b

Let f'(x) = 0, then x =

2a°
—t - L
Ifx < Ef’f'('x) < 0, therefore the function s
decreasing.

If x> %,f’ (x) > 0, therefore the function 1s’
increasing.
11. f(x)=x*—32x + 4

f(x)=4x*-32

Let f'(x) = O
4y — 32 =0
4 = 32
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o= 8
o= 2
X x 2 2 x 2
f(x) - 0 +
Graph Dec. tlocal Min In¢

Therefore the function is decreasing forx < 2
and increasing for x > 2. The function has a local
minimum at the point (2. —44).

Hinirum
n=z

12. 7

ETAL I

—~4

13. Lety = f(x)and u = g(x).
Let x, and x, be any two values in the interval
a = x = bsothatx, <.x,.
Since x; < x,, both functions are increasing:
f(x) > flx)) (1)
g(x) > glx) (2)
yu = f(x) - g(x).
(1) x (2) results in f(x,) - g(xy) > flx))g(x)).
The function vu or f(x) - g(x) is strictly increasing.
y

fix)

! > 8(x)
et i X

14. Let x4, x, be in the interval a < x < b, such that

x, < x5. Therefore, f(x,) > f(x,), and g(x,) > g(x)).

In this case, f(x)), f(xs), g{x;), and g(x,) < O.
Multiplying an inequality by a negative will reverse
s sign.
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Therefore. f(x2) - g(x2) < f(x;) - g(x)).
But LS > 0 and RS > 0.
Therefore, the function fg is strictly decreasing.

4.2 Critical Points, Rela
and Relative Minima, pp |
1. Finding the critical points means determining the
points on the graph of the function for which the
derivative of the function at the x-coordinate is 0.
2. a. Take the derivative of the function. Set the
derivative equal to 0. Solve for x. Evaluate the
original function for the values of x. The (x, y)
pairs are the critical points.
b.y = x' — 6x°
1y ,
O o3 -
dx
= 3x(x — 4)
dy
Let =~ = 0.
¢ dx
x(x—4)y=20
x =04
The critical points are (0, 0) and (4. —32).

y

20

,
x* — 8x?

i

J.oa. y
{ |
T (T dx(x* — 4)
dx
=dx(x + 2){(x — 2)

Let &2 = ¢
ax

dx(x +2)(x —2)=0

x =10, = 2.
The critical points are (0, 0), (—2, 16), and
(2, —16).

x Ix<=2] -2 1-2<x<0l 0 D<x<2f 2 |x<2
L - + - 0 +
e 0 + o]
Local Local Local
Graph| Dec. Min Inc. Max Dec. Min Inc.
4-7



Local minima at (—2, —16) and (2, —16)

Local maximum at (0, 0)

b. f(x) = 2x
¥ = x2+9
, _ 2()(2 + 9) - 2x(2x)
fix) = (X + 9y
18 - 2x?
(x2 + 9)2
Letf'(x) =0
Therefore, 18 — 2x? = ()
x'=9
x = *3.
X x< =3 -3 -3< 3 x> 3
x <3
F00 0 + 0 -
Graph | Decreasing {Local Min| Increasing L@;‘il Decreasing

Local minimum at (-3, —0.3) and local maximum

at (3, 0.3).
c.y=ux"+ 3x*
dy

+ 1

= 3x? + 6x = 3x(x + 2)

dx
d
Let =2 =0
dx
xx+2)=0
x=10,-2
The critical points are (0, 1) and (-2, 5).
* X< =21 =2 -2<x<0 0 x<0
dy -
'a; + 0 [¢] +
Graph'i Inc. L&fj’ L&:’(; Inc.

Local maximum at (~2,5)
Local minimum at (0, 1)
4.a.y = x* - 8x*

To find the x-intercepts, let y = 0.

+\/8

To find the y-intercepts, let x = 0.

x*=8?=0
*(x2—-8)=0
x = (),
y=0
4-8

) y
204
10+
x
T R
10
—20
2x
I
To find the x-intercepts, let y = 0.
2x
9 0
Therefore, 2x = 0
x =10
To find the y-intercepts, let x = 0.
0
= — = {)
Y7
y
0.5
x
— 7
~0.5-
N

cy=x"+3xr+1

To find the x-intercepts, let y = 0.

0=x"+ 3"+ 1

The x-intercept cannot be easily obtained algebraically.
Since the function has a local maximum when

x = —2, it must have an x-intercept prior to this
x-value. Since f(—3) = 1 and f(—4) = —15, an
estimate for the x-intercept is about —3.1.

To find the y-intercepts, let x = 0.

y=1
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Ny

Y=

4
S5.a.h(x) = —6x* + 187 + 3
h(x) = —18x" + 36x
Let h'{x) = O
—18x7 + 36x =0
18x(2 —x) =0
x=0orx =72
The critical points are (0, 3) and (2, 27).
Local minimum at (0, 3)
Local maximum at (2, 27)
Since the derivative is 0 at both points; the tangent
is parallel to the horizontal axis for both.
b.g(n) =+ +r
g'(1) = 5t* + 3r°
Letg'(¢) = O

Stt+ 3P =10
AP +3)=0
t=0
X {x<0 0 0<x<2 0 x> 2
dy ] - v
o + 0 0 +
Local Local
Graph| Inc. Min Dec. Max Inc.

The critical point is (0, 0).

t r<0 0 t>0
g'{x) + 0 +
Graph Inc. Local Min Inc.

(0, 0) is neither a maximum nor a minimum
Since the derivative at (0, 0) is 0, the tangent is
parallel to the horizontal axis there.

cy=(x- 5)
dy 1 2
e — 5 k)
ax 3w
B 1

3(x — 5)
dy
o
o 0
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The critical point is at (5. 0). but is neither a
maximum or minimum. The tangent is not parallel
to the x-axis.

d.f(x) = (" = 1)

l 2 -2

f) = 5 = 1) (2x)
Let f'(x) = O:
1, :
o vd Uy =
3(.\ D) 2x) =0
x=10

There is a critical point at (0. —1). Since the

derivative is undefined for v = =1, (1, 0) and
(—1,0) are also critical points.

X fx< =1 -1 |=-1<x<0] 0 10<x<1] 0 {x<1

L N Y : - 0 +  |pNE] 4+
dx

|
Graph| Dec. Dec. L’ac."i Inc. Inc.

Local minimum at (0, —1)

The tangent is parallel to the horizontal axis at (0, — 1)
because the derivative is O there. Since the derivative is
undefined at (=1, 0) and (1, 0), the tangent is not
parallel to the horizontal axis at either point.

6. a.
Hi_nimum

V\
1WA

¥

A9l I
Haxipaum =
[%=1.9999886 ly=z7 l

d.
’.—“"“-—_ ,J___..J-/—
——"‘1‘ @r‘"’
giznoimum e -1

7.a. f(x) = =27 + 8x + 13
Fix)=—4x +38
Let f'(x) = O
—4x +8=0
x =




The critical point is (2, 21).
Local maximum at (2, 21)

X

X < 2

2 x> 2

F{x)

+

s) -

Graph

inc.

Local Max. Dec.

y
204

10

j=]
B

204

L

. 1,
b. f(x) = 2x

- 9x + 2

f)=x=9

Let f'(x) = 0:

*=9=0
=9

X =

+ 3
The critical points are (—3.20) and (3, - 16)

Local maximum at (— 3, 20)
Local minimum at (3, —16)

e f(x) = 2x" + 9x? + 12x
F1(x) = 6x7 + 18¢ + 12
Let f'{x) =

6x? + 18x + 12 =0
6(x+2)(x+1)=0
x=-2o0rx = —]
The critical points are (—2, ~4) and (-1, —5).

X X< =2 -2 -2 < x< -1 -1 (x> -1
dy
—Z + 0 - 0 +
dx
Local Local
Graph Inc. Max Dec. Min Inc.

Hl x < ~3 -3 |=-3<x<3 37 x >3
Z—z + 0 - 0 +
Graph Inc. Lﬁ;i! Dec. L&fsl Inc.
y
20+
] -4
¥
-8 |-4 O 4 8
~104
~204
4-10

Local maximum at (—2, —4)
Local minimum at (—1, = 5)

8

d. f(x) = =3x° — 5x
) = =90 = 5

Let f'(x) =0

-9 = 5=0

This equation has no solution, so there are no
critical points.

e f(x)=Vx=2x+2

7 (x) 2x = 2 x —1
xX) = =
: 2V —2x+2 Vii-2x+2

Chapter 4: Curve Sketching



Let f'(x) = O

Therefore, x — 1 =0
x=1

The critical pointis (1, 1).

so (1, 1) is the only critical point.

X x < 1 1 x> 1
f{x) - 0 +
Graph Dec. Local Min Inc.
Local mimmum at (1, 1)
y
8..
\/
X
DR R T
4
f.f(x) = 3x* — 4x’
f(x) = 12x% = 12¢°
Let f'(x) =0
12¢% = 12¢7 = 0
12x3(x = 1) =0
x=0orx =1
x x <0 0 0<x<1 1 x> 1
dy -
‘c—'; 0 0 +
Graph | Dec. Dec. Local Min | Inc.

There are critical points at (0, 0) and (1. —1).
Neither local minimum nor local maximum at (0, 0)
Local minimum at (1, —1)

Y
8
4
’ 3
D ST
Y

8. (x) = (x+ D{x - 2)(x +06)

Let f'(x) = O

(x+ D{x —~2D)(x+6)=0
x=—6orx=—lorx =72

The critical numbers are —6, -1, and 2.

Calculus and Vectors Solutions Manual

x X< =6f -6 -6 <x< =1 =1 |—~1< x<2 2 X< 2
dy - ] -~ )
o 0 + 0 0 +
Local Local Local
Graph!| Dec. Min Inc. Max Dec. Min Inc.
Local minnmaatx = —6andx = 2
Local maximum at x = —
9.
-1,6 fix)
16, ]
} (3,1) x
H hd T T O T T H H
~4-3-2-10 1 2 3 4
10.y = ax’ + bx + ¢
dy
— = 2ax + b
dx

Since a relative maximum occurs at x = 3, then

2ax + b =0atx = 3.0r, 6a + b = 0. Also, at

(0.1), 1 =0+ 0+ corc¢ = 1. Therefore,

y = ax® + bx + 1. Since (3, 12) lies on the curve,
12 =9a + 3h + 1

9a + 3b = 11
6a + b = 0.
Since b = —6a,
Then %a — 18a =11
.
ora = 5
22
b =—
3
The equation is y = —191.\'2 + %Zx + 1.

1. f(x) =x*+ px + ¢q
f(x)=2x+p
In order for 1 to be an extremum, f'(1) must equal 0.
20y +p =20
p=-2
To find ¢. substitute the known values for p and x
into the original equation and set it equal to 5.

X x <1 1 x> 1
f{x) - 0 +
Graph Dec. Local Min Inc.
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(1Y + (1)(=2)y+4g=5
g==6
This extremum is a minimum value.
12.a. f(x) = x* — kx
f) =3 =k

In order for f 1o have no critical numbers, f'(x) = 0
must have no solutions. Therefore, 3x* = k must
have no solutions, so k < (.
b. f(x) = x° — kx

fix)y=3x -k
In order for f to have one critical numbers,
f(x) = 0 must have exactly one solution.
Therefore, 3x° = k must have one solution, which
occurs when k = (.
c. f(x) = x* — kx

fx) =3¢ = k
In order for f10 have two critical numbers,
f(x) = 0 must have two sojutions. Therefore,
3x% = k must have two solutions, which occurs
when k& > 0.
13.g(x) =ax’ + bx> + cx + d

g (x) = 3ax? + 2bx + ¢

Since there are local extrema at x = Qand x = 2,
Oa +0b+c=0and12a +4b + ¢ =1
Therefore, ¢ = O and 12¢ + 4b = 0
Going back to the original equation, we have the
points (2, 4) and (0, 0). Substitute these values of x
in the original function (o get two moie equations:
Ba + 4b + 2¢ + d = 4 and d = 0. We now know
that ¢ = O and d = 0. We are left with-two.equa-
tions to find a and b:
12a + 4b = 0

Sa +4b =4
Subtract the second equation from the first to get
4a = —4. Theretorea = —1,and b = 3.
14. a. .

i

4-12

5. f(x) =3x" +ax> + bx* + ecx + d
a. f'(x) = 12x* + 3ax? + 2bx + ¢
Atx =0, (0) =0,then f(0) =0+ 0+ 0+ ¢
orc¢ = (.
Atx = =2, (-2) =0,

~96 + 12a — 4b = 0. (H
Since (0, —9) lies on the curve,
-9=0+0+0+0+dord=—-9.
Since (—2, —73) lies on the curve,

—73=48 - 8a+4b+0-9

—8a + 4b = ~112
or2a — b =28 (2)
Also, from (1): 3a — b = 24
2a — b= —128
a=—4
b = —36.

Chapter 4: Curve Sketching



The function is f(x) = 3x* — 4x°

b. f'(x) = 12¢°

Let f'(x) = O:

2
xJ — yx?

- by =

- 12x°

0

x(x =3)(x +2)=0.
Third point occurs at x = 3,

£(3) = — 198

(W

- 72x

-~ 36x°

-9

Local minimum is at (=2, = 73) and (3, —198).

- < 0 <
X < =21 =2 0 3 >
X x <0 x <3 x>z 3
f{x) - o] + 0 - 0 +
Grash Decreas-| Local | Increas- | Local {Decreas-| Local | Increas-
P ing Min ing Max ing Min ing
Local maximum is at (0, —9).
16.a.y =4 — 3x° — x*
dy .
& o o - ax
dx
dy
Let — =
dx
—bx = 4x' =0
-2x(2x*+3) =0
i 5 3. C.
x=0orx = —3 inadmissible
x x< 0 0 x>0
ﬂ e _—
o : 0
Graph Increasing Local Max Decreasing

Local maximum is at (0, 4).

X
4 6
b.y = 3x° — 5x* — 30x
Y yset - 1562 = 30
dx
dy

Let — = (:

e o 0:
15x% — 15x = 30 = 0

= -2=90

Calculas and Vectors Solutions Manual

(=2 +1)=0
X*=2o0rx’ = —1
x = :t\/Z:, inadmissible

Atx=100,% > 0,

Therefore, function is increasing into quadrant one,
local minimum is at (1.41, —39.6) and local
maximum is at (—1.41, 39.6).

Y

60

>

¥ T O T
~6 ~4 — ) 4
201 é
_.40..

60

i

J(x)
g(x)

Since f(x) has local maximum at x = c. then

17. h(x) = =2

flixy>0forx <cand f'(x) <0forx > c.

Since g(x) has a local minimum at x = ¢, then
g'(x) <Oforx <cand g'(x)>0forx > c.

ho) = f(x))
£(0)8(x) = 8'(X)f(x)

i) = e)f

Ifx <e¢, f'(x) >0and g'(x) <0, then h'(x) > 0.
x> oc, fi(x) < 0and g'(x) > 0;then-h(x) < 0.

Since for x < ¢, h'(x) > 0 and for x > ¢
h(x)<0.

Therefore, #(x) has a local maximum at x = c.

1. a. vertical asymptotes atx = —2 and x = 2;
horizontal asymptote at y = 1
b. vertical asymptote at x = 0; horizontal asymptote

aty =0
2.ft0) = $ 3

Conditions for a vertical asymptote: h(x) = 0 must
have at least one solution s, and lim f(x) = o.
Conditions for a horizontal o

asymptote: limf(x) = k, where keR,

or lim f(x) = k where keR.

R

4-13



Condition for an oblique asymptote is that the
highest power of g(x) must be one more than
the highest power of h(x).

r(2 + 3)
Y+ 3 3 .
3.2 lim 223~ gim X

¥z X — 1 Yo ( 1)
Xix — X

3
1+ =
=k 2x
= hm 1

X 1 —

X

tim (2 +2)
X

B

Similarly, lim 2

.\'—f“‘LX }

3
se o3 ols- 3
b. lim 55— = lim ——
s i

- .5 3
Similarly, _}Hr_lxm =35.

. —5x? + 3x -’(2(“5 + %)
°le~5:ﬂz(s)
X

4-14

5
2
ST o=+ 3y
Similarly, _32137. Rl &
i 5 30005
L2 =3+ 5 ) '\)(2 At E
d. im Tm‘ = lim —“__"‘”j‘”"‘é‘;—
R A X r D
. X X X ,\’4(3 I R ~_-)
X X
3 5
\(2 - ‘" -+ :;)
R S
~ ‘\,3 \,4
3 5
lim (\‘(2 - =+ “:))
_ A X X
5 4
Iim (3 + o ‘1)
Vo R X
. . 3 5
hm (x) X him (2 - =+ ~)
A=> 7 N X R
. 5 4
Itm (3 e 'j])
LT X X
lim (x) 2-0+4+0
= hm (x) X ——————
Ny % 3 + () - O
= 0L
Similarl li Z.l‘i;i\f + 5 - N o
tmuarty, ,,,],n:l,, 3t + Sy -4 “_m, (x) = o
4. a. This function is discontinuous at ¥ = — 5. The

numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviocur of the
function near the asymptote is:

s-valyes— | K XHF G y 1’:‘;‘5’ .
X - —57 <0 < 0 =0 + %
X—>—~5* <0 >0 <0 - =

b. This function is discontinuous at x = 2. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values x4+ 2 X -2 () ; Luf: f(x)
X2 <0 <0 <0 — %
Xx—2* > 0 >0 >0 +%

¢. This function is discontinuous at ¢ = 3. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

t-values 1 (¢~ 3) s “:Tts
x—>3" >0 >0 >0 +%
X 3% >0 >0 >0 +

Chapter 4: Curve Sketching



d. This function is discontinuous at x = 3,
However. the numerator also has value 0 there,
since 3° — 3 — 6 = (), so this function has no
vertical asymptotes.

e. The denominator of the function has value 0
when

(x+3) (v~ 1)=0

x = ~3orx = 1. The numerator is non-zero at these
points. so the function has vertical asymptotes there.
The behaviour of the function near the asymiptotes is:

x-values 6 x+3 x -1 () llf: {x)
X —37 = ) < 0 < () =0 + o
X - —3* =0 >0 < Q <0 -
X1 =0 =0 < 0 < 0 -
x—1* >0 > 0 >0 =0 + %

f. This function is discontinuous when

¥ =1=0
(v + 1){(x~1)=0
x = —Torx = 1. The numerator is non-zero at these
points, so the function has vertical asymptotes there.
The behaviour of the function near the asymptotes is:

x-values x? X+ 1 X -1 y !,i_'ﬁy
X— -1 >0 <0 < 0 >0 + %
x——1* >0 >0 <0 <0 -
Xx— 1 = 0 0 < 0 < s
X1t >0 >0 >0 >0 +
. X . X
5. a. lim —— = [im ~————
I W 4 [
Xl + -
X
li !
= hm-—7
. 4
Y - 1 + -
X
lim (1)
N
4
hm (l + —)
- X
]
1+ 0
= ]
Similarly, lim i 1, s0 y = 1"s a horizontal
P

asymptote of the function.

Calculas and Vectors Solutions Manual

At a point x, the difference between the tfunction

y = \};4 and its asymptote v = 1 is
SIS Sl C )
x+ 4 X+ 4

_ 4

B

When v is large and positive. this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and negative,
this difference is positive, which means that the
curve approaches the asymptote from above.

2x 2y
b. lim M;lm = lim e
X X RPN 1
X"(] - —3)
X
2
= lim
N ( ])
R4 I B
X
lim (2)
jmanay ——V——w.___,__w ]
lim .r(l - ~;5)
R R
lim (2)
prang . - . 1
hm (x) X hmk(l - 7)
< lim L A
- .\']fpx.l’ 1 -0
= ()

Similarly, lim —;—:17 = 0, so vy = 01is a horizontal

R el
asymptote of the function.
Al a point x, the difference between the function

2x . . 2x
7 and its asymptote y = 0 is s

f) =
When x is large and positive, this difference is
positive, which means that the curve approaches the
asymptote from above. When x is large and nega-
tive, this difference is negative, which means that
the curve approaches the asymptote from below.

4
3 +4 12(3 + ,“2)
= lim

T e, I
! (1 - ,—5)

3+
lim T
X 1 -

2

e

Iim (] -

X

¢. lim

R {2 - l

ol &

i

=N

= |

o

i
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340
1-0
=3

. .3+
Similarly, im —

R - 1

asymptote of the function.

= 3,50y = 3 is a horizontal

At a point x, the difference between the function

31° . .
gy = ,[’7;_;', and its asymptote y = 3 15
3+ 4 3P+ 4 -3 - 1)
——— = 3= 5
=1 =1
7
£-1

When x is large and positive, this difference is
positive, which means that the curve approaches
the asymptote from above. When x is large and
negative, this difference is positive, which means
that the curve approaches the asymptote from
above.

5 8 7
328 —7 ~“(3 - ;f:)
d. lim = |im
X X — 4 X s ( 4)
1 ==
AY Re
8 7
oo ““)
= i ———2 4=
y 4
X% 1 -
X
fim (x(3 - Z))
_ o X X
him (l - 4)
X X
8 7
Nim () % {%_f}?,,(?’ i “)
lim ( - -)
3-0-0
= lim (x) X
im (x) 0
3 Sx =
2 _
Similarly, lim %Z = lim (x) = —2°, so this

function has no horizontal asymptotes.

6. a. This function is discontinuous at x = — 5.
Since the numerator is not equal to 0 there, the
function has a vertical asymptote at this point. The
behaviour of the function near the asymptote is:

x-values x~3 Xx+5 y limy

X5 <0 <0 >0 + =

x— 5% <0 >0 <0 -
4-16

To check for a horizontal asymptote:

___
§.
r— | e
[N
i
L]
~——

wofla s

I_im 1+ =
1 -0

1+90
1

- X = - -

hm —— = 1,50 v = 1 1is a horizontal
NGO g .
asymptote of the function.

At a point x, the difference between the function

Similarly,

x =3 . .
Y= and its asymptote y = 1 is
x-3 - x=3-(x+5) 8
x+5 x+5 x+ 5

When x is large and positive, this difference is
negative, which means that the curve approaches
the asymptote from-below. When x is large and
negative, this difference is positive, which means
that the curve approaches the asymptote from
above.

b. This function is discontinuous at x = —2. Since
the numerator is non-zero there, the function has a
vertical asymptote at this point. The behaviour of
the function near the asymptote is:

x-values 5 (x + 2§ ) lim ()
x—2" >0 >0 >0 +x
X2 >0 >0 >0 4o

To check for a horizontal asymptote:
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) 5 5
hm - - = i e
Ve (Y 2)“ \ e \_ + 4x + 4
. 5
= lim
] 4 4
RIS
X X°
hm (5)
- | 4 4
hm ( (] + - + ))
]im (5)

hm (x7) % hm (] +-M + i)

| 5
= lim— X ———
e X7 ] + () + 0
= ()
Similarly, Iim _ML = (), so v = 0 is a horizontal

p o (0 2)
asymptote of the function.
At a point x, the difference between the function

f(\)

5
(737 and its asymptote y = 01s

o -;)M When x is large and positive, this
difference is positive, which means that the curve
approaches the asymptote from above. When x is
large and negative, this difference is positive, which
means that the curve approaches the asymptote
from above.

K

:"_

:

]

]

¢ X
"'l T T }‘0 T
-8-6-4-30 2

:

¢. This function is discontinuous at:t = 5. However,
the numerator is equal to zero there, since
57 — 2(5) = 15 = 0, so this function has no vertical
asymplote.
To check for an oblique asymptote:
1= 3

r—S)F -2t - 15

= 5t

0+ 3r—-15

0+ 3r—15

0+0+0

Calculas and Vectors Solutions Manual

So g(r) can be written in the form
gty =1-3

d. This function is discontinuous when

¥ =3x=0
x(x —=3)=0
x=0o0rx =3
The numerator is non-zero at these points, so the
function has vertical asymptotes at both of them. The
behaviour of the function near these asymptotes is:

x-values | 24 x |3 — 2x x a3 y Limy
x-0"1 >0 >0 <0 <0 >0 +x
x—0* >0 >0 >0 <0 <0 -
x-+3"1 >0 <0 >0 <0 >0 + %
x-3*1 >0 | <0 | >0 | >0 | <0 -

To check for horizontal asymptotes:

2+ x)(% - 2x) ~2x2 ~x + 6
1‘1_”‘ x? = 3x xl-inv 2 - 3x
xz(—2 L1y 2)
= lim “'3 A
el
X
= l_1m g
X l -
X
umﬂa~l+2)
L X X A
3
lim (l - "j)
A% X
_=2-0+0
1-0
= -2
. x)(3 — 2x .
Similarly, lim W =-2,s0y=~21s

Xy L

a horizontal asymptote of the function.



At a point x, the difference between the function

-2xT - x + 6
VeI T and its asymptote y = —2 is
~2xP — x4+ 6 -2x* — x + 6 + 2(x? — 3x)
e ) = 5
x° -~ 3x x° — 3x
_ —7¥ + 6
- 3x

When x is large and posmve this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and negative,
this difference is positive, which means that the curve
approaches the asymptote from above.

7. a. 3x — 7
x =337 - 2x — 17
3x) - 9x

e - 17

Ix - 21

4

So f(x) can be wrilten in the form

f(x) = 3x = 7 + —= Since lim — = 0 and

X%

i
x>0

to the function f(x).
b. x+3
2x + 30242 + 9x + 2
2x° + 3x
6x + 2
6x +9
-7

3x — 7 is an asymptote

7 =0, the line y =

So f(x) can be written in the form

f(x)y=x+3 - i Since 1‘1_13172 = () and
hm T = 0, the line y = x + 3 is an asymptote

to the function f(x).

4-18

f(x)—x~2+

C. x—2

4 2008 + 0 + Ox — 1

o2+ 0x - 1
— 2% — 4x
4x ~ 1

So f(x) can be written in the form

T Z Since
i 4x — 1 X( )
im — =
X% + X

* 2 xz(l + )

§ o—

4 —
= lim ——"—
X 2
x(l + —)
X

lim

e

im i1+ 2) (H ))

R

\.—/

il

. ]
lim \4 - ;)

lim (x) X lim (1 + 2)

X% A

(1) 4 -0
= lim :
A i U
= (),
. . 4x —
and similarly lim ;%:3- ={,.thehney = x - 21is

an asymptote to the function f(x).
d. x+3
K =d4x+ 3 - 2 — 9+ 15
¥ —4xt + 3x

3x% = 12x + 15
6
So f(x) can be written in the form
6
flx)=x+3+ e Since ]:E’L?—.—ZTIS
: 6
and .‘-]Lm,——f”_[";} 0, the line y = x + 3is an

asymptote to the function f(x).
8. a. At a point x, the difference between the

function f(x) = f(x) = 3x — 7 + —
oblique asymptote y = 3x — 7 is

4 4 )
3x =7+ i3 (B3x~7) = Ty When x is

3 and its
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large and positive. this difference is positive, which
means that the curve approaches the asymptote
from above. When x is large and negative, this
difference is negative, which means that the curve
approaches the asymptote from below.

b. At a point x, the difference between the function

. 7 . .
fAly)y=x+3~ 5755 and its oblique asymptote

. 7
y=x+ 3is x +3’“”2”_\“"“+“'§“

When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and

negative, this difference is positive, which means
that the curve approaches the asymptote from above.
9. a. This function is discontinuous at x = —5. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

(x +3) = ~5—.

2v + 3

x-values | 3y —~ 1] x+5 | flx) !ft_!n F(x)
X~ 57 <0 <0 >0 +
X5 < >0 <0 - %

To check for a horizontal asymptote:

1
T ,X@*ﬂ
Im —— = lim ———~

x—x X + 5 X 5
xil + ‘\'

]
33
= lim 3

XL 1 __+_ ;

hmb~g
— X

AL

nm@+%

3.0
0

1+
=1
3x —

. . 1 . .
Similarly, lim marar 3,50y = 3is a horizontal

o
asymptote of the function.

b. This function is discontinuous at x =-1. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the

function near the asymptote is:
To check for a horizontal asymptote:

xvalues | x? 4 3x — 2 (x~ 1) glx) ',‘.'319(")
X1 >0 >0 >0 + =
X 1* >0 >0 >0 +

Calculas and Vectors Solutions Manual

3 2

|47 -5

. X X

= im '“"‘_'7)""-"]"
Linde - o —

X Re

1+0-0
1 -0+40
=1

+ 3x — 2

Similarly, hm A;('\":—l")”g“ = 1,50 ¥y = Iisa

horizontal asymptote of the function.
¢. This function 1s discontinuous when
xX—4=0
x’ =4
x = *72
At x = 2 the numerator is 0, since
22+ 2 — 6 = 0, so the function has no vertical
asymptote there. At x = — 2, however, the
numerator is non-zero, so the function has a vertical
asymptote there. The behaviour of the function
near.the-asymptote-is:

x-values | x4 x—8 X2 -4 hix) l,:'f'( h(x)
Xx— =27 <0 >0 <0 -
*— =2* <0 <0 >0 4

To check for a horizontal asymptote:

1
et

X+ x—-6 X v
im ————— = lim ————
-z X°— 4 X% 7.( 4)
x41 - -
\ X
6
p4los
= hm . i
R
Ren
1 6
lim (] - = ——2')
¥ X




_1+0-0 Horizontal asymptote is at y = —1.

1-0 ,,()w—(2x+5)~2(3~.\‘)_ -1
=1 Jilx) = (2x + 5) (2x + 57
Similarly, lim f_i).j;ﬁ =1,s0y=1isa Sipge f(x) 9& 0, there are no maximum or
gmmn X7 4 minimum points. 3
horizontal asymptote of the function. y-intercept, let x = 0, y = ;= =06
d. This function is discontinuous at x = 2. The X

numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values | 5x% — 3x +2 pase ) m(x) | limm(x)
X2 >0 <0 <0 -
x—2* >0 >0 >0 +x

To check for a horizontal asymptote:
. ¥+ 3x -2 ,mx2+3x~2
im — = lim —

X% (X - 1);{,/ aoe Xt = 2x + 1

ot
= 11}1;* ; ’ b. This function is a polynomial, so it is continuous
! ( -3 + _2) for every real number. It has no horizontal, vertical,
32 or oblique asymptotes.
i xx? 1+ P The y-intercept can be found by letting 1 = 0, which
‘_ﬂlngﬁ_l’ gwesyz:l()ar
x o ox h (1) = 6r° — 301 + 36
) 3 2 Set h'(t) = 0 and solve for 1 to determine the critical
_]rlﬁﬂ(l T ?) points.
- (2. 1 612 — 30t + 36 = 0
m\l-—;w) 2= 5046 =0
140-0 -2 t—-3y=0
= m r=2o0rt =3
=1
o 4+ 3x~2 ) t t<<2 t=2 2<t<3 t=3 t>3
Similarly, ,{»‘EW =1,s0y=1isa o . o B . B
horizontal asymptote of the function.
3 - x Graph| Inc. | Llocal Max Dec. Local Min inc.
10. a. f(x) =
2x 45 The x-intercept cannot be easily obtained
. o ; pt cannot be easily obtaine
Discontinuity is atx = —2.5. algebraically. Since the polynomial function has a
lim 3o x = oo local maximum when x = 2, it must have an
+=-252x 45 x-intercept prior to this x-value. Since f(0) = —10
lim 3-x = 4o and f(1) = 13, an estimate for the x-intercept is
x=-25"2X + 5 about 0.3.
Vertical asymptote is at x = —2.5.
Horizontal asymptote:
I 3-x 1
452
3—-x 1
lim =

Ay /2\’ + 5 2
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t
e

2 Q) 2 4 6
¢. This function is discontinuous when
¥4+ 4=0

xl= -4
This equation has no real solutions, however,
so the function is continuous everywhere.
To check for a horizontal asymptote:

. 20 ) 20
hm — = lim ——
vz X0+ 4 e .,( 4)
xX- } + Tw
Iim (20)
VRN
hm (\(] + "3))
hm (20)

Iim (_‘,2) X hm (l + ?3)

Eeeid Xt

- 1 20
B ‘1—)1’1'1/’;‘5 x 1+ 0
= ()
. . 20 . .
Similarly, lim Nean i 0, soy = 0 is a horizontal

asymptote of the function.
The y-intercept of this function can be found by
20 .
571 = O Since the
numerator of this function is never 0, it has no
x-intercept. The derivative can be found by rewriting
the function as y = 20(x* + 4)"', then
y' = —20(x* + 4) ' (2x)
40x
(x2 + 4)°
Letting y" = O shows that x = 0 is a critical point of
the function.

letting x = 0, which gives y =

S =1-=

‘ 1
sy =1+

Discontinuity is at r = 0.

i 1

lim (/ + —~> = 4%
1-(}" !

i 1
lim{r+—]= —=
=0 !

Oblique asymptote is-at s(7) = 1.
]
[2
Lets'(1) = 0.1° =]
t= =*1
Local maximum is at { — 1, —2) and local minimum
15 at (1.2).

x x <0 x =0 x>0
y + 0 -
Graph Inc Local Dec
P ’ Max ’
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-1 0 <
b 4 < = e = >
t 11t 1 t=0 e ] t 1 t 1
s'"{t) + 0 - - 0 +
increas- | Local |Decreas-|{Decreas-| Local |Increas-
Graph ) . ) ; )
ing Max ing ing Min ng
(t) 2
4 /’
2
’/
// t
T T 2 T T
-4 -2 2 4
’/
I,’
4 _4
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2%% + Sx + 2 There is no vertical asymptote. The function is the
e g(x) = T +3 straight lines =1+ 7,1 = —7.
Discontinuity is at x = —3, 104's(t)
2x7 + Sx + 2 b) 4
—=2x - 1 + 8
x+3 x+3 d
Oblique asymptote is at y = 2x — 1. 4-
lim g(x) = +>, hm g(x) = —= 24
N> -3 N t
- A 2 T T T T T T l\
gr) = (4x + 5)(x + 3) (;2,\ + S5x + 2) 8 -6 -4 _2_20- ) 4 ¢
’ (x + 3)
_ 2¢% + 12x + 13 a
- (x + 3) 11. a. The horizontal asymptote occurs at y = e
Let g'(x) = 0, therefore, 2x* + 12x + 13 = O b. The vertical asymptote occurs when ¢cx + d = 0
A [ d
-12 V144 - 104 orx = —-.
X =
4
x=—ldorx = —46.
o a1 4B < _ -3« - _—
tolx<-d6 ) -a6 ) 0T 3 =14 14{x> ~14
s'{t) + 0 - Undefined - 0 1
Graoh| 1 . Local D ) Vertical 0 : Local | .
rap nareasing Max ecreasmng Asymptote ecreasing Min nereasing

Local maximum is at (—4.6, —10.9) and local
minimum is at {(—1.4, -0.7).

| 3
EE 16
7
i
¢ ‘([)_‘i+4t*21 (=7
s() = et =
_+7-3)
(r=3)
Discontinuity is at ¢ = 3.
_E D=3
-— AT +
R P Jm e+ 7)
=10
lim (r +7) = 10
A3
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12. a. Since fis defined for all values of x, f" and f”
are also defined for all values of x. fhas a horizontal
asymptote at y = 0. So " and f” will have horizontal

asymptotes there. {'has a local maximum at (0, 1) so

17 will be 0 when x = 0. f has a point of inflection at

(—0.7,0.6)-and (0.7,-0.6)..so-f" will be-0.at

x = = 0.7 Atx = (0.7, fchanges from concave up
to concave down, so the sign of /" changes from
positive to negative. At x = (.7, f changes from
concave down to concave up, so the sign of "
changes from negative to positive there. f'is
increasing for x < 0, so f" will be positive. fis
decreasing for x > 0, so f’ will be negative. The
graph of f1s concave up for x < —0.7 and x > 0.7,
so " 1s positive for x < ~0.7 and x > 0.7. The
graph of fis concave down for —0.7 < x < 0.7, so

" is negative for —0.7 < x < 0.7,

Also, since f" is 0 at x = = 0.7, the graph of f’ will
have a local minimum or local maximum at these
points. Since the sign of f” changes from negative
to positive at x = (.7, it must be a local minimum
point. Since the sign of f" changes from positive to
negative at x = (0.7, it must be a local maximum
point.
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b. Since fis defined for all values of x, f" and [ are
also defined for all values of x. f has a horizontal
asymptote at y = 0 so f" and f” will have a horizon-
tal asymptote there. f has a local maximum at
(1,3.5)so f" will be O when x = 1. fhas a local min-
imum at (=1, ~3.5) so /" will be O.when x = —1.
fhas a point of inflection at (-~ 1.7, ~3). (1.7, 3) and
(90, My so f" willbe Oatx = = 1.7and x = 0. At

x = {}, f changes from concave up to concave down,
so the sign of f” changes from positive to negative.
Atx = — 1.7, fchanges from concave down to con-
cave up. so the sign of f” changes from negative to
positive. At x = 1.7, f changes from concave down
to concave up, so the sign of /" changes from nega-
tive 1o positive. fis decreasing for x < —1 and

x > 1,50 f" will be negative. The graph of fis
concave up for = 1.7 < x < Oandx > 1.7.s0 f" is
positive for —1.7 < x < 0 and x > 1.7. The graph
of fis concave down for x < —1.7and 0 < x < 1.7,
so f" is negative forx < —1.7and 0 < x < 1.7.
Also, since f"is O whenx = O and x = * 1.7, the
graph of f” will have a local maximum or minimum
at these points. Since the sign of f” changes from

negative to positive at x = — 1.7, f" has a local mini-
mum at x = —1.7. Since the sign of f” changes

from positive to negative at x = 0, it must be a local
maximum point. Since the sign of f” changes from
negative o positive at x = 1.7, it must be a local
minimum point.

y
8_
6 1]
N y=Ff)
) X
=R
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13. a. If f(x) is increasing. then f'(x) > 0. From the
graph of /7, f'(x) > 0 for x < 0. If f(x) is decreas-
ing, then f"(x) < 0. From the graph of ', f'(x) < 0
for x > 0. At a stationary point, f'(x) = 0. From the
graph. the zero of [ (x) occurs at (0, 0). Atx = 0,
The graph changes from positive to negative, so f
has a local maximum there. If the graph of fis con-
cave up, f”(x) is positive. From the slope of f'. the
graph of f'is concave up for x < —0.6 and x > 0.6
If the graph of f is concave down, 7 (x) Is negative
and concave down for —0.6 < x < (.6. Graphs will
vary slightly.

An example showing the shape of the curve is
itlustrated.

y

b. If f(x) is increasing. then /" (x) >0. From the
graph of f'. f"(x) > O forx < I and x > 5. If f(x)
is decreasing. then f(x) < 0. From the graph of f",

f(xy<Oforl <x<3and3 <x <5 Atasta-

tionary point. f"(x) = 0. From the graph, the zeros
of f/(x)occuratx = 1 and x = 5. Atx = 1, the
graph changes from positive 1o negative, so f has a
local maximum there. At x = 5, the graph changes
from negative to positive, so f has a local minimum
there. If the graph of fis concave up, f"(x) is posi-
tive. From the slope of f'. the graph is concave up
for x > 3. If the graph of fis concave down, f" (x)
is negative. From the slope of f*, the graph of fis
concave down for x < 3. There is a vertical asymp-
tote at x = 3 since f is not defined there. Graphs
will vary slightly. An example showing the shape of
the curve is illustrated.
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14. a. f(x) and r(x): lim f(x) and lim r(x) exist.

b. /1(x): the highest degree of x in the numerator is

exactly one degree higher than the highest degree of

x in the denominator.

¢. h(x): the denominator is defined for all x e R.
-x -3

= e +"

x=Tandx = ~2. f(=2.001) = —110.99 s0 as

Xx— =27, f{x)— —x

F(—=1.999) = 111.23 soas x — =27, f(x) — =

f(6.999) = 111.12s0as x > 77, f(x) > =

f(7.001) = —111.10s0asx - 77, f(x) = — =

f(x) has a horizontal asymptote at y = 0.

g(x) has a vertical asymptote at x = 3.

£(2.999) = 23 974.009 so as x — 37, g(x) — =

g(3.001) = —24026.009 s0 as x — 3", g(x) — — =

as vertical asymptotes at

- —4x -1
By long division, h(x) = x + 7Ly )soy =X
X 1

is an oblique asymptote.

(x +3)(x ~ 2)
r(x) = :

(v — )(x + 4)

x= —4dand x = 4,
r(—4.001) = 750.78 so as x — —47, r(x) — x
r(—3.999) = —=749.22 soas x — =47, r(x) > —
r(3.999) = ~1749.09 so as x — 47, r{x) — —x
r(4.001) = 175091 so as x — 47, r{x) — =
r(x) has a horizontal asymplote at y = 1.

has vertical asymptotes at

ax + 5

15. f(x) = -

fly = 50—~
Vertical asymptote 15 at x = —4.

Therefore, 3 — bx = 0atx = —5.
Thatis,3 — b(—5) =0

b= 3
5
Horizontal asymptote is at y = —3.
ax + 5
hml| — = -3
,‘Lx<3 - bx>
.
i (ax+5) i a+ —a
im = lim —
R 3 - bX X-a% § _ b b
a X
But —p = —~3o0ra = 3b.
Buth = 2, thena = 2.
i
x?+ 1 Xty
16. a. lim d = lim lY
x—%x X 1 Al T
X
Pl ]
4-24

f(x)

ot 2x 4+ 1 (x + D(x + 1)
hm———— =
g X + 1 R d (‘\' -+ 1)
= lim (x+1)
=
‘,2 + b 3 + ', +
b. lim X 1 X 2x 1
vzl X 4] x + 1
XXt 20 -1
= lim v
Y r X + 1
.~ 2x
= lim
et X + 1
-2
= lim 7= 2
R e 1 + W’
X
2x? — 2.
17.f(x) = ==
x> =9

Discontinuity isat x> — 9 = Qor x = %3,
Iim f(x) = +o

X3
lim f(x) = —=
X3
lirr%f(x) = oo
"—lirﬁ? flx) = +o
R Sl
Vertical asymptotes are at x = 3 and x = -3,

Horizontal asymptote:
im f(x) = 2 (from below)

A!imf(x) = 2 (from above)
Horizontal asymptote is at y = 2.
_ (4x — 2)()(" - 9)“~~'2)((2X2 - 2x)

(x* = 9)?
C 4t = 207 = 36x + 18 — 4x® + 4x?
- (x* =9y
2x% — 36x + 18

(x* =9y
Let f'(x) =0,
2x2 - 36x + 18 =0orx?— 18x + 9 = 0.

18 = V18 — 36

2
x=051orx =175
y = 0.057 or y = 1.83.
Local maximum is at (0.51, 0.057) and local
minimum is at (17.5, 1.83).

X =

il

-3 < 0.51 < 3<
t 0.51 17. > 17.
X< 051 x<3 |x<175 R
(2 + 0 - - 0 +
Graph |n;reas- Local De-creas* De;rea& Local Min | Increasing
ing Max ing ing
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|
g
e e B LT

1. a.

The function appears to be decreasing on (—%,2)

and increasing on (2. =),

b.

!{T,I'ﬁ x)

1y

The function appears to be increasing on (—=.0)

and (2, =) and decreasing on (0, 2).

C.

The function is increasing on (==, —3) and

(=3.%).

d.

The function appears to be decreasing on (—%,0)

and increasing on (0, ).

Calculus and Vectors Solutions Manual

2. The slope of a general tangent to the graph
g(x) = 2x* = 3x* — 12x + 15is given by

g L _ ‘
31—? = 6y* — 6x — 12. We first determine values of

- 3 1o
x for which (g = ()

dx

So 6x? ~ 6x ~ 12 =10

6(;~\‘2 —-x=2y=10
6(x + 1)(x = 2) =0

Yy = — l Y = 2

Since i,: is defined for all values of x, and since
lg | |
Ef; = (Qonlyatx = —1and x = 2, it must be either

positive or negative for all other values of x. Consider
the intervals between v < =1, —1 < x < 2, and

X2
Value of x x < -1 -1 <x<2 x> 2
Value of
d d d
dg _ 9. e %o
o= ext - bx - 12 dx dx dx
dx
Slope of Tangents positive negative positive
y-values Inareasing or . . . .
Decreasin increasing | decreasing increasing
g
3.
X
_.2._ 8
_4_
-6_
__8-
.. dy
4. The critical numbers can be found when = 0.
dy dy
a. — = —4x + 16. When — = 0,
dx dx
dy ,
= —4(x+4) =0
dx

x= -4
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x—1 - + +
x -2 - +

Or = 1)x ~ 2) (=)=)=+ | (+)}~) = - (+){+) = +
% >0 <0 >0

g{x) = 2% — 9x? + 12x

increasin decreasin increasin
g9

b. 5 = x" ~ 27x. When -
dy —
1y , ,
Doy - 21y =0
dx
x=0,x= i3\/§
c. (jl = 4x" ~ 8. When fil
dx dx
iy R
a2y =0
dx
x=0x==V2
d. fﬁ = 15x% — 75x7
lx
dy | ,
~ = 15(x" = 5x" +4) =0
dx
dy , ,
=== 15(x" = 1)(x°
dx
x=%1 x =2
dy 7.r(,\'3 + 1)~ (x2 = 2%
e. &=

dx

(2 + 1y

dy

+ 60. Whe n‘~:0,

v

{iy
the-numerator equals 0. So - e T (x*

(X7 = 1)(2x) = 0. After snnphtym

x =0

g2+ 2) -2

" dx (x* +2)

numerator equals 0. So after snmphfymg,
dy ,

== —x+2=0

dx :

==\

Sai—6X"—18r+12

dx

dg
To tind the critical numbers, set ~é

6x2 = 18 + 12 = 0
6(x — 1)(x —2) =0

4-26

x=1,x=2

hen = = (),
dx
) —
o T = 4x = (.
—= = (), the

0. So

From the table above, x = 1 is the local maximum
and x = 2 1s the local minimum.

b. £[—‘g=3x2~~4b\‘~4
dx

)
To find-the-critical-numbers, set %—‘% = ().
dx

Wl —4x-4=0
Bx+2D(x—-2)=10

X = —=—0orx =2
3
2 2
< - —— < x<? >2
x 3 3 X
3x+2 - + +
x—2 - - +
E’g + -+
dx
g increasing docrozsing creasing |

2
The-function-has-a-local-maximum-at x = w% and a
local minimum at x = 2
d
6. UL oe ik
dx
.. df .
To have a local minimum- value, s 0. This occurs
ok _.’S) _
when x = 2.Sof( 5) =L
k2 k2
— 4 2 =]
4 2
k2
e ) =]
4
k2
—— = ]
4
k=4
k *2
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7. (x) =4x = 32

To tind the critical numbers, set f'(x) = 0.
4yt - 32 =10

4(x" = 8)=0

x=72
x<2 x>2
Fix) = 4x> —- 32 - +
f(x) decreasing increasing

The function has a local minimum at x = 2.
8. a.Sincex +2=0forx=—-2,x=~—21isa
vertical asymptote. Large and positive to left of

asymptote, large and negative to right of asymptote.

b. Since 9 — x> =0 forx = =3, x= —3and

v = 3 are vertical asymptotes. For x = —3: large
and negative to left of asymptote, large and positive
to right of asymptote.

c. Since3x + 9 =0forx= -3, x=-315a
vertical asymptote. Large and negative to left of
asymptote, large and positive to right of.asymptote.

d. Since 3x% — 13x — 10 = 0 when x = —% and
x = 5.x = —iand x = 5 are vertical asymptotes.
For x = —1 large and positive to left of asymptote,

large and negative to right of asymptote. For x = 3:
large and positive to left of asymptote, large and
negative to right of asymptote.

1
Ir - 1 ~ 3.\(1 - g:)
. + &
v .\‘<I + %)

9.a. f(x) =

i

lim f(x)

A ok

=3
So the horizontal asymptote is y = 3. Similarly, we
can prove lim f(x) = 3. }f x is large and positive,
R
for example, if x = 1000, f(x) = 229 which is
smaller than 3. If x is Jarge and negative, for exam-

ple, if ¥ = — 1000, f(x) = =g, which is larger

Calculus and Vectors Solutions Manual

flx) ="+

than 3. So f(x) approaches y = 3 from below when

x is large and positive and approached y = 3 from

above when x is large and negative.

p i x4+ 3x =2 B "‘2(I +
IO E Ty T ,\'2(1

BB N B ]

3 2
lim (] +7\'“F> _(1+0-0
"(1 2 ’) (1-0+0)
X x

So the horizontal asymptote is 1. Similarly. we
can prove lim f(x) = 1. If x is large and positive,
Xy L

10007+ 3(1000) ~ 2

for example, x = 1000, f(x) = —— - o=

(1000 - 1y
e, which is greater than 1. If x1s large
and negative, for example, x = — 1000,
2

~ 1000 + 3¢~ 1000) ~ 9 96 998 : ce lacce
ywI—— = s, Which is less

than 1. So f(x) approaches y = 1 from above when x
is large and positive and approaches y = 1 from
below when x is large and negative.

10. a. Since (x — 5) = Owhenx = 5,x = 5Sisa
vertical asymptote.

X X
flx) = — 7 =
(v =) xz(] L 2:)
X J
B 1
( 10 25)
X ] —— 4+ ]
X X
lim (1)
lim f(x) = - o sy
lim (x{1 — Ttz
x=>+5 . .

This limit gets larger as it approaches 5 from the

right. Similarly, we can prove that the limit goes to

+ o as it approaches 5 from the left. For example,
1

1000(1 ~ o5 + =)

10007
gets larger as x gets larger. Thus, f(x) approaches
+ 2 on both sides of x = 5.
b. There are no discontinuities because x* + 9
never equals zero.

if x = 1000 f(x) = , which

427



¢. Using the quadratic formula, we find that
X = 12x + 12 = 0 when x = 6 + 2V/6. So
x =6+ 2V6 are vertical asymptotes.

{-2)

x =2
fx) = = = -
X = 12x + 12 ‘\_3(1 2 _1:;)
RY R
. 2
Iim /,,\'(l - ;)
i — A 464 V6O -
I A B
lim x|} — — + —=
X6 2V X X

This limit gets smaller as it approaches 6 + 2V6
from the right and get larger as it approaches
6 + 2\/6 from the left. Similarly, we can show that
the limit gets smaller as it approaches 6 — 2V6 from
the left and gets larger as it approaches from the right.
11 a. f7(x) > O implies that f(x) is increasing.
b. f"(x) < 0 implies that f(x) is decreasing.
12.a. h(1) = 4.9 + 9.5 + 2.2
Note that 1(0) = 2.2 < 3 because when the diver
dives, the board is curved down.

h' (1) = —98 + 9.5
Seth’'(1) =0

0= -98+95
t =097
0<t<0.97 t>0.97
—9.8t + 9.5 + -
Sign of K (1) +
Behaviour of h(f) increasing decreasing

b. h' (1) = v(1)
v(t) = —9.8t + 9.5
vi(t) = ~9.8 <0
The velocity is decreasing all the time.
! )
13. C(r) = 2 + 217"

1

Cly=75-47
Set C'(1) = 0
1
0=~ -4
) 1 t
1
== 447
4
=16
= 2.5198

4-28

t< 25198 t> 25198
1
-~ 4173
4
Sign of C'(t) +
Behaviour of C{t) decreasing increasing

14. For f(x) the derivative function f(0) = 0 and
1(2) = 0.

Therefore, f"(x) passes through (0, 0) and (2, 0).
When x < 0, f(x) is decreasing. therefore.

f'(x) <0

When 0 < x < 2, f(x) is increasing, therefore.
f(x)y>0.

When x > 2, f(x) is decreasing, therefore,
f'(x) < 0.

Y
24
X
-4 -2 A 4
-4
..6,
15.a. f(x) = x? = 7x - 18
Lf(x)=2x~-7
Set f'(x) = 0
0=2x~-7
7
X = =
2
ii.
X <= x>
2%~ 7 - +
Sign of '(x) - +
Behaviour of f(x) decreasing ncreasing

ili. From ii., there s a minimum at x = -

JHR AR
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iv.

.
1.

Y
10+
5_
X
b.f(x) = —2x" + 97 + 3
i () = =67 + 18
Set f'(x) =0
0= —6x" + 18
0= —6x(x = 3)
x=0o0rx=3
x<0 0<x<3 x>3
~6x + — _
X~ 3 - — 4
Signof F(x)| (+)(=) =~ | (=)(—)=+ Yt = -
Behaviour ) ‘
of f(x) decreasing INcreasing decreasing

ifi. From ii., there is a minimum at x = (J and a
maximum at x = 3,
f(0) = =2(0) + 9(0)" + 3
£(0) = 3
f(3) = =2(3)" +9(3)* + 3
f(3) = —-54+81+3
f(3) =30

iv.

; .._5.,

e flx) =2x* —4x* + 2
i f'(x) = 8x® — 8
fx)=20

Calculas and Vectors Solutions Manual

0= 8" — 8
0=8(x*—1)
0=8(x — {x+1)
y=—lorx=0o0rx =1
i.
x < -1 -1<x<0 0<x<1 x>1
8x + +
x -1 - - - +
x4+ 1 + +
Signof | (— () (=) {(=)=)(F) ()= (+)(H)(+)
£ () - - - -
Behaviour decreasin ncreasing decreasin ncreasin
of flx) e ing | i ing ecreasing | increasing

iti. From ii.. there is a maximum at x = 0 and
minima atxy = —land x = |
f(=1)=2(=1) = 4(-1) +2
f(=1)y=2-4+2

(0) = 4(0)? + 2

X
i
—14
d. f(x) = x° — 5x
if(x)y=5¢"-5
Setf'(x) =0
0=5"-35
0=5x"—-1)
0=5- 1>+ 1)
0=5x—1(x+ DI+ 1)
x=—lorx =1
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x < -1 ~T<x<1 x> 1
5 + + +
X -1 - - +
x+ 1 - + +
®+ 1 + + +
Signof | (+)(—~ )(~ ) ()| ()= )H)F)(HF)F)(+)
Fix) = - - -
Beot;af\;i:)ur increasing decreasing increasing
itli. From ii., there is a maximum atx = — 1 and a

minimum atx = 1

f(=1) = (1) = 5(-1)

fl=1)=~=1+5
f(=1) =4
fQ1) = (1) = 5(1)
1) = —4
y
8_
6~
4
| X
-2 [ D) 1/ 2
._4_
._.6_
._8-
Y.
16. a. vertical asymptote: x = —3 horizontal

asymptote y = 3: as x approaches 3 from the left,
graph approaches infinity; as x approaches 3 from
the right, graph approaches negative infinity.

b. vertical asymptote: x = —2, horizontal asymp-
tote: y = 1; as x approaches —2 from the left, graph
approaches infinity; as x approaches —2 from the
right, graph decreases to (—0.25, —1.28) and then
approaches to infinity.

¢. vertical asymptote: x = —3, horizontal asymp-
tote: y = —1; as x approaches — 3 from the left,
graph approaches infinity; as x approaches —3 from
the right, graph approaches infinity

d. vertical asymptote: x = —4, no horizontal
asymptote; as x approaches —4 from the left, graph
increases to (—7.81, —30.23) and then decreases to
—4; as x approaches —4 from the right, graph
decreases to (—0.19, 0.23) then approaches infinity.
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17. au lim o—2%
N 3,\'
3
= lim S
Y os }_
0-2
3
2
3
b i x> =2x+5
e + 2x — 1
X2 5
= lim g5
FrETe
1=0+0
T 6+0-0
1
6
l‘7+2ﬁ—k3
¢ _\—131 X = 4x? + 3x
l 2x2 3x3
- 1\121:1 ;;,\? ;x
P
0+0-3
1040
= -3
3
d. lim 2
X X A4X
5 2x3
= lim T
o XA
.\’4 14
_0-0
1 -0
=
5 _ 1 %Xz + %X -1
¢ ]\Tl -2 ]xlirlf ERE YO
ok 1
L2 X X x?
= 1313—r + 1‘13 TR
TRy
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x4+ 3¢ — 18
f. lim ———e
e (\ — 3);
]' v-+ 3x = I8
= lim S
v X0 = bx + 9
X 3 18
.ol Tt
=lm
I
X ¥? X2
_1H0-0
1 -0+ 0
= ]
— 4r -5
g. hm S
A
A
1 X \,3 \,_7
B ]\I_IT]/ lf _ “L
4‘,3 \3
i ) =0
= hm —
X7 1 —_— ()
=]
7
h. im (S\ + 4 — _~m>
X L \ + ’%
7
= lim 5x + lim 4 = lim —*—
| TR

= o

4.4 Concavity and Points
of Inflection, pp. 2‘05-—-206

1. a. A: negative; B: negative: C: positive; D: positive
b. A: negative; B: negative; C: positive; D: negative

2.a.y = x’ — 6x* — 15x + 10
17
W3~ 12y = 15
dx

dy
F()l critical values, we solve T = (:

- 12x—=15=0

.x’3 —4x —-=5=90

(x = 5)Yx+1)=0
x=50rx=—1

The critical points are (5, —105) and (-1, 20).

Now, jw -~ 6x - 12.

d\

Atx =5, prci 18 > 0. There is a local minimum

at this point.
dy

Atx = ~}.(~l\—_ = — 18 < (). There is a local

maximum at this point.
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The local minimum is (5. — 105) and the local
maximum is (—1,20)

25
by =118

dx o 50x

dx (x? + 48)2

dv
For critical values, solve ol () or ~~~~~~ docs not exist.
Since x° + 48 > 0 for all x. the on]y critical point is

(0.3)

1’y , s
%—’— = 50(x? + 48) 4 100 (X7 + 48) 7 (2x)
ax-
o 50 N 200x°
(xF + 487 (x7 +48)°
1 5(
Atx = () “E —g—l < 0. The point (() 3;) 18 a
local maxxmum.
c.s=1+1"
ds 1
— =1 - =1%#0
di -
. Is )
For critical values, we solve (7[: = ()
1
1 -==0
i
=1
t = *1.

The critical points are (— 1. —2) and (1, 2)
dis 2

P
ds
Attt = —1,—

= —2 < 0. The point (=1, —2)isa

local maximum. Atr = 1, —= = 2 > 0. The point

(1, 2)is a local mxmmum.
dy=(x—-3Y+38

dy ,

~~ = 3(x — 3)°

dx (x )
x = 3 is a critical value.
The critical point is (3, 8)

1’y

€Y —6(x - 3)

dx?

At x = 3,(1;)2' = 0.
dx

The point (3, 8) is neither a relative (local)
maximum or minimum.
3. a. For possible point(s) of inflection, solve

d*y
i 0
6x — 8 =10
4
X = 3
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! ! < 4 -4 X > 4
nterva X 3 X = 3 3
£7{x) <0 =0 >0
Concave Point of Concave
Graph of f(x) Down inflection Up

The point (4, —14%)is point of inflection.
b. For possible point(s) of inflection, solve
d?y

- = ()

dx®

200x% = 50x% — 2400 = 0

150x7 = 2400.

Since x° + 48 > 0

x = *+4,
Interval | x< -4 | x= -4 |[-4d<x<4] x=4 x> 4
f7{x) >0 =0 <0 =0 >0
Graph of | Concave | Pointof | Concave | Pointof |Concave
f(x) Up inflection Down Inflection Up

(—~4, %;}) and (4, é—:) are points of inflection.

d’s 3
Co 5 =
drr 7
interval t<0 t=0 t>0
(1) < Undefined >0
Concave ) Concave
Graph of #{1) Down Undefined Up

The graph does not have any points of inflection.
d. For possible points of inflection, solve

d*y
de? 0:
6(x —3)=0
x =3,
interval x<3 X = 3 x>3
f7{x) <0 =0 >0
e I Rl

(3, 8) is a point of inflection.
4.a.f(x)=2x -~ 10x +3atx =2

f(x) =6x* =10

fr(x) = 12x

f"(2y=24>0
The curve lies above the tangent at (2, — 1).

1
et 2 —_— —
b.g(x) =x Cax 1

1
g(x)=2x+—
x
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n( _2____3
g'(x) = P

g(-1)=2+2=4>0
The curve lies above the tangent line at (—1, 2).

W
C.p(w) = —pee———gtw = 3
P e

p(w) = w(w? + 1)?l

!

. , 1
‘d“p‘ = (w* + l) + W(——)(Wz -+ 1)’(2W)
dw 2
= (w?+ 1) — wl(w? + 1)
dzp l 2, 3 o) 2
o = --2—(w‘ + 1)(2w) = 2w(w” + 1)
3 . ;
+ w'z(*i)(W‘ + 1)7(2w)
d*p 3 6 81
Atw =3 —5 = — = — = 4
YT aw? T T10vVIo . 10VI0 T 10010
9

= e < (),
100V10
The curve is below the tangent line at (3, ;’m)

d. The first derivative is
iy = 1= - ()
(r—4)
——— _—8___~
(1= 4)
The second derivative is
(1 = 4)(0) = (=8)2(1 — 4)'

s"(1) = =T
16
T (- 4y
Sos"(—2) = »—*m(_zlé 2y
16 2
T 26 27

Since the second derivative is negative at this point,
the function lies below the tangent there.

5. For the graph on the left: i. f"(x) > 0 for x < 1
Thus, the graph of f(x) is concave up on x < 1.
f"(x) = 0 for x > 1. The graph of f(x) is concave
down on x > 1.

il. There is a point of inflection at x = 1.

Chapter 4: Curve Sketching
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X
_] .—l O T T
I ‘X

For the graph on the right: i. f"(x) > O forx < 0 or
x> 2

P

The graph of f(x) is concave uponx < Qorx > 2.
The graph of f(x) is concave down on ) < x < 2.

ii. There are points of inflection at x = O and x = 2.
1. y

6. For any function y = f(x). find the critical points,
i.e., the values of x such that f'(x) = 0 or f'(x) does
not exist. Evaluate f”(x) for each critical value.
If the value of the second derivative at a critical
point is positive. the point is a local minimum. If
the value of the second derivative at a critical point
is negative, the point is a local maximum.
7. Step 4: Use the first derivative test or the second
derivative test to determine the type of critical
points that may be present.
8.a. f(x) = x* + 4x*
i f(x) =dxd+ 1247

7 (x) = 1267 + 24x

Calculas and Vectors Solutions Manual

For possible points of inflection, solve f”(x) = O
12x7 + 24x = 0
12¢(x +2) = 0

x=0o0rx = -2

Interval | x< -2 | x= -2 |-2<x<0| x=20 x>0
£7{x) >0 =0 <0 =0 >0
Graph Concave | Point of | Concave | Point of |Concave
of flx) Up Inflection Down Inflection Up

The points of inflection are (-2, —16) and (0, 0).
ii.lfx =0,y = 0.

For critical points, we solve f'(x) = 0:

4yt +12x =0

4 (x+3)=0

x=0andx = —3.
Interval x< =3 |x=-3[|-3<x<0lx=0 x>0
' {x) <0 = >0 =0 >0
Graph Decreasing | Local Increasing Increasing
of f{x) Min
Ify=0x"+4x"=0
a4y =0

x=0orx=—4
The x-intercepts are (0 and —4.
Y

204
151

I

b.d.g(w) = ————

Il

i. g'(w)

il

i

g"(w)
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For possible points of inflection, we solve
2" (wy =
8w’ — 36 = (), since w> # 0

, 9
W o=
2
Wom e
2
interval 3 w 3 |- '37 - - W3< w 3 w > 3
w o< - = |/ 0< 2o N N e
V2 V2l o NG V2 V2
g'{w) <0 =0 >0 <0 0 >0
Graph | Concave | Pointof |Concave|Concave| Point of | Concave
of giw)]  Down Inflection Up Down |[inflection] Up

The points of inflection are | — 5, — %) and

(& - :1;)_2).

it. There is no y-intercept.
The x-intercept is i—\%
For critical values, we solve g'(w) = O:
9 — 4w = 0 since w* # 0

3
w o= -
2
i <0<
3 3| -3« 0 3 3
nterval] < D L om o~ 2 3 == WS> =
; W< =
2 2 w <0 5 2 2
g'{w) <0 =) >0 >0 0 <0
Graph | Decreasing | Local | inal] . Local D .
. ncreasing]increasin creasin
of giw}|  Down Min (reasing|increasing Max ecreasing
ol e 2 -
4wt - 3 o 4w~ 3
lim s = o lim = — %0
i) w- s () w-

4 3 4 3
(———w—; =0, lim(—~ =] =0
e - \ W W Wk \ W w-

lim
Thus, y = 0 is a horizontal asymptote and x = 0 is
a vertical asymptote.

4 -1
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9. The graph is increasing when x << 2 and when
2 <x <5,

The graph is decreasing when x > 5.

The graph has a-local maximum atx = 5.

The graph has a horizontal tangent line at x = 2.
The graph is concave down when x < 2 and when
4 <x <.

The graph is concave up when 2 < x < 4 and when
x>17.

The graph has points of inflection at x = 2, x = 4,
and x = 7.

The y-intercept of the graph is —4.

Y.y

2 /—\\
} X
T B~

-4-20(5 4 6 8

4

10. f(x) = ax* + bx* + ¢
f'(x) = 3ax? + 2bx
f"{(x) = 6ax + 2b
Since (2, 11) 1s a relative extremum,
f(2) = 12a + 4b = 0.
Since (1, 5) is an inflection point,
f"(1) = 6a + 2b = 0.
Since the points are on the graph,a + b + ¢ = 5 and
Ba +4b + ¢ =11

Ja + 3b =06

9a +3b =0
2a = ~6
a=—3
b=9
c =1

Thus, f(x) = —3x* + 9x? — 1.

1. f(x) = (x + 1)} + bx™!
F() = 50+ 1= b2

fr(x) = -—%(x + 1) + 2bx 73

Chapter 4: Curve Sketching



Since the graph of y = f(x) has a point of inflection

aty = 3
1 . 2b
-—(4)y + = =
4( ) 27 0
__L -+ _2.[_7 e ()
32 27
h = ;2_2
64
12. f(x) = ax* + bx®

f(x) = dax® + 3bx*
f"(x) = 12ax’ + 6bx
For possible points of inflection. we solve
fr(x) =0
12ax* + 6bx = 0
6x(2ax + b) =0

il

b

-
The graph of y = f"(x) is a parabola with

y=0orx =

. b
x-intercepts 0 and e
We know the values of /" (x) have opposite signs
when passing through a root. Thus at x = 0 and at

X = —i‘;-, the concavity changes as the graph goes
through these points. Thus, f(x) has points of
inflection at x = Q and x = —ib;. To find the
x-intercepts, we solve f(x) = 0
*ax + b) =10
b
x=0orx = ——
a

The point midway between the x-intercepts has

i b
x-coordinate —z—.
2a

The points of inflection are (0, 0) and

X3 = Qx4+ 4x 8x — 8
13. a. y o= "*7‘*:*4——-* =x -2+ e (by
division of polynomials). The graph has discontinu-

jes at x = *2.

Whenx =0,y = 0.

o x( m2v+ ) (o= 1)+ 3
Also, y = e = ST
Since (x — 1)° + 3 > 0. the only x-intercept
isx = 0.

Since “mz_;%:_g =
F—xt T 4

value x ~ 2 as x — . This suggests that the line

y = x — 2 is an obligue asymptote. It is verified by

the limit im[x — 2 = f(x)] = 0. Similarly, the

XL

curve approaches y =

0. the curve approaches the

X = 2a5x > —=,

dy _ - &(x* — 4) . 8(x - 1) (2x)
dx (x= = 4)
_ 8 - 2x +4)
(x* — 4y

1y - L.
We solve :-11\ = () to find critical values:

8x? — 16x + 32 = x* — &7 + 16
16t - 16=0

¥ =8+ 4V5 (8 - 4V5is

inadmissible)
x = *£4.12.
limy = «and limy= —=
X ey L
ntervat] X < X = =412 | ~2=x] 2<x |x= X
412|412 <x< 2} <2 | —412 412 412
dy =0 =0 <0 <0 <0 0 =0
ot
Graph |Increas-| Local |Decreas-|Decreas-|Decreas-| Local | Increas-
of y ing Max ing ing ing Min | ing
Y
81
1 t o
1 - ] ’,’
; RS
< T T | £ T T
6-4-20M\2 4 6
A
’/” ‘:r‘8"‘ t
12
1
116 -

lim

5

X2

x° =

<_\' -2+
8&x — 8

lim(x -2+ —
=2

P Gl

& — 8§

Ii x — 2+
,\«J?“:(‘ -4
8 — 8

i x -2+
\DI-‘nZ(\ _xz - 4

8.\'-8)
= - 00

=

>:_x
>:~x
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b. Answers may vary. For example, there is a sec-
tion of the graph that lies between the two sections
of the graph that approach the asymptote.

14. For the various values of n, f(x) = (x — ¢)"
has the following properties:
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n n =1 n=2 n=3 n=4
F{x) 1 2x =) | 3(x—c) | 4(x - ¢)
£{x) 0 2 6(x ~ <) | 12(x ~ ¢)?

Infl. Pt. None None X = X = C

It appears that the graph of f has an inflection point
atx = ¢ whenn = 3.

4.5 An Algorithm for Curve
Sketching, pp. 212-213

1. A cubic polynomial that has a local minimum
must also have a local maximum. If the local mini-
mum is to the left of the local maximum, then
flx)— +xasx— —oand f(x) — —= as x — +x.
If the local minimum is to the right of the local
maximum, then f(x) — —o as x — — = and
f(x)— +ocas x— +x,
2. Since each local maximum and minimum of a
function corresponds to a zero of its derivative, the
number of zeroes of the derivative is the maximum
number of local extreme values that the function
can have. For a polynomial of degree n, the deriva-
tive has degree n — 1, so it has at most n — 1
zeroes, and thus at most n — 1 local extremes. A
polynomial of degree three has at most 2 local
extremes. A polynomial of degree four has at most
3 local extremes.
3. a. This function is discontinuous-when

X H+4x+3=0
(x+3}x+1)=0
x = —3 orx = — 1. Since the numerator is non-zero
at both of these points, they are both equations of
vertical asymptotes.
b. This function is discontinuous when

X = 6x + 12
6=V (=6) ~ 4(1)(12)
o 2(1)
6= V=12
2

This equation has no real solutions, so the function
has no vertical asymptotes.
¢. This function is discontinuous when
X2~ 6x +9=0
(x =3)=0
x = 3. Since the numerator is non-zero at
this point, it is the equation of a vertical asymptote.

4-36

doa.y=x" - 9x + 15x + 30

We know the general shape of a cubic
polynomial with leading coefficient positive. The
local extrema will help refine the graph.

/ ,
D32 18x + 15
dx

Set %1— = 0 to find the critical values:
3P — 18 + 15 =0
x> —6x+5=0
(x - Dx~-5=0
x=1lorx = 5.
The Jocal extrema are (1, 37) and (5, 5).

b. f(x) = 4x* + 18x° + 3

The graph is that of a cubic polynomial with
leading coefficient negative. The local extrema
will help refine the graph.

dy .

— = /X" + 3bx

dx "

To find the critical values, we solve Ei: = ()
-12x(x = 3) =0

x=0orx =3.

The local extrema are (0, 3) and (3. 57).
2 )
Y e+ 36
dx*

The point of inflection is (3. 30).

Chapter 4: Curve Sketching



1
c.y=23+- 5
X (x + 2)

is just a

1
We observe that y = 3+ (—\":—257

translation of y =

1
‘\,2'

1
The graph of y = pu: is

The reference point (0, 0) for y = % becomes the

. . 1 .
point (=2.3)fory =3 + TEEG The vertical
asymptote is x = -2, and the horizontal asymptote
sy =3

N
1
y ; £
T~ T T T T
-3-2-10 1 2 3
BYE
.._3._
(_{"_ M___g_‘__., h ~ Ih . ~ l ] M s
R (x + 2 hence there are no critical points.

ay __ 6 : aoh is alw:
Rl P s > 0, hence the graph is always

concave up.

1 y

8]

3

:

e R

LN

t

! X
< 2 0 2 4

:

L4

1

i

:

| —8

!

'

d. f(x) = x* — 4x* — 8x? + 48«

We know the general shape of a fourth degree poly-
nomial with leading coefficient positive. The local
extrema will help refine the graph.

f(x) = 4x® — 12x* — 16x + 48

For critical values, we solve f'(x) = 0
=3 - 4x+12=0.

Since f'(2) = 0, x — 2 is a factor of f'(x).

The equation factors are

(x ~2)(x = 3)(x +2)=0.

Calculas and Vectors Solutions Manual

The critical values are x = -2, 2, 3.

fr(x) = 12x" — 24x — 16

Since f"(—2) = 80 > 0, (—2, —80) 15 a local
minimum.

Since f"(2) = —16 < 0. (2, 48) is a local maximum.
Since f"(3) = 20 > 0, (3, 45) is a local minimum.
The graph has x-intercepts 0 and —3.2

The points of inflection can be found by solving

[ (x)y =0
- 6r—4 =90
6+ V&4
X = e
6
R S
X = 5 or 5
Y(2,48)
40- (3, 45)
204
X
EEEL EERER
.._2 =
60+
_..80-
{~2,-80) N
e _ 2x
TS
There are discontinuities at x = —~5Sand x = 5.

) 2x ; 2

I ( 2 )——v and i (_2”‘ )—v
\-Lr? x2-25 B ’ —+1~~r?' .\'2“25 -

x = —5and x = 5 are vertical asymptotes.

dy  2{x? — 25) — 2x{2x) 2x2 4 50

- T £y = - 3 < Vi
dx (x? = 25) (& =25y = Ofo

all x in the domain. The graph is decreasing
throughout the domain.

\
i 2x — 0 X
eA WYy B N y=0isa
_— ' X horizontal
2 asymptote.
lim | ——z | =
x—-2t 1 Z‘i
v’ Y,
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v 4x(x? = 25) = (207 + 50)(2)(x7 — 25)(2x)

dx? (x? - 25)*
4+ 300x  4x(x? + 75)
(x? — 25)° (x? — 25)°

There is a possible point of inflection at x = 0.

Interval | x < ~5|~-5<x<0] x=0 |0<x<5 x>5
Fy B o B
e <0 >0 =0 <0 >0

Graph {Concave| Point of Concave | Point of | Concave
of y Down Up inflection | Down Up

y
q 34
i H
2
I i
A
] ]
T ; T T T T
~12 - . 8 12
;14 !
...2_.
,3_

f. This function is discontinuous when

X —d4x =0
Hx—4)=90
~x = {orx = 4. The numerator is non-zero at these
points, so the function has vertical asymptotes at
both of them. The behaviour of the function near
these asymptotes is:

x-values 1 X X~ 4 flx) le‘ Hx)
x—=0" >0 <0 <0 >0 + oo
x— 07 >0 > 0 < Q <9 -0
x—4" >0 >0 <0 <0 I
x> 4" >0 >0 >0 >0 + o

To check for a horizontal asymptote:
. . 1
lim - 1 = |Iim R
XX 4x you 2
X (l ,"\:)

lim (1)

X=—r %

lim (*(1 - 9))
lim (1)

lim (x?) % Jim (1 - ‘f)

X X

1 —
resn X l + ()

it
,_5_.
J
X
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L . 1 - .
Similarly, lim P 0, so y = U1s a horizontal
Ny -

asymptote of the function.

Since y = 0 and x = () are both asymptotes of the
function, it has no x- or y- intercepts.

The derivative is

£ = (X = 4x) — (1)(2x — 4)

(x* — 4x)?
4 — 2x
= ?—2—'—;1“)*5 and the second derivative is
x< — 4x)°
vy o G2 AN(22) = (4 - 20927 - 4v)(2x - 4))
f (") - (.‘,3 . 4'\,)4
_ —2x% + 8x + 8x7 — 32x + N2
- (x? = 4x)
TS

Letting f'(x) = 0 shows that x = 2 is a critical
point of the function. The inflection points can be
found by letting f"(x) = 0, s0
2(3x° — 12x + 16) = 0
12 = V(= 12)F - 4(3)(16)
2(3)

12+ \V/-48

6
This equation has no real solutions, so the graph of

S has no inflection points.

x x <0 Q<x<2 x=0 2<x<4 x> 4
f1(x) + + 0
Graph inc. Inc. Local Max| Dec. Dec.
" (x) + - - - +
Concawvity Up Down Down Down Up

tN-&O\O‘J
T,
=

10 12

S
i
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6x° — 2
F, Y T e
B . o

6 2

x o xt
There is a discontinuity at x = (.
. 6T =2 . 6 -2
lim-————— = = and hm ——5— = —x
vl X a0 X

The y-axis is a vertical asymptote. There is no
v-intercept. The x-intercept is a vertical asymptote.

There is no y-intercept. The x-intercept is * .

dy 6 6 —6x° + 6

dx ot x?

dy

— = () when 637 = 6

dx

x = x|

Interval | x < ~ 1 ix = ~1|-1<x<0j0=x<1|x=1] x> 1
d|
4 <0 | =0 >0 =0 | =0 | =0
dx

Graph of | Decreas- | Local Increasing lincreasin Local { Decreas-

y = flx) Ing Min g 9 Max ing

There is a local mmimum at (=1, —4) and a local
maximum at (1, 4).
Ay 12 24 120 - 24

The x-axis is a horizontal asymptote.

Ny
8.‘

4‘
=l 7 4 6
_8_

-2
x+3
hoy = 5
’ X —4

-2and atx = 2.

There are discontinuities at x

de? X7 X X R
. . . - . [ .
For possible points of inflection, we solve i 0
(% # 0);
12x% = 24
x=*\V2.
X < X N 0« e
Interval = . L "
MOV V2| VR | w0 |xeva | TRV
2
g—x{; <0 =0 >0 <0 =0 >0
Graph of |Concave| Point of {Concave| Concave | Point of {Convave
y = f(x) | Down [inflectioni Up Down [inflection] Up

There are points of inflection at (—-\/i ”T%)

and (\/i €~)

. 6 2
S " L3
Hm 951“—:~g = lim*—% =0
[o—es X ’ R 1
6 2
-
lim =—* =0
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. x+3 ) x+ 3
lim 5 =x and lm|—=——]= —-x
i—-2 A\ — 4 2 AXT
. x+3 d I (.\’+3
im|——— 1= —= an mi{——- ==
-2 A\~ 4 a2 \x° — 4
There are vertical asymptotes at x = —2 and x = 2.
When v = 0, y = —3. The x-intercept is — 3.
dy () (x? —4) — (x + 3)(2x)
dx (x* — 4)?
o xT =6 — 4
(x? = 4y
.. dy
For critical values. we solve = {0
Y+ bx+4=0 o
6 +\/36 - 16
X = - e
2
=325
= —=520r—08.
x < x= |~-52<| -2< |x= |~08< -
tenvall ) | —s2|x< ~20x< —08]-08] x<2 | ¥
o] =0| 0| =0 |=0| <0 | <o
dx
Graph [Decreas-| Local |increas- | Increas- | Local | Decreas- | Decreas-
of y ing Min ing ing Max ing ing
1 3
- + _Tf '
limy = lim| =5 | =0
X7 Ao ] —_
X
1 3
it e
lim| “—% | =0
Y 1 ——
X~
4-39




The x-axis is a horizontal asymptote.

P MY
.0

¥
¥
1

.0+

8 -6 -4 - D4 6 8
x> =3x+6
byET \._.1_
4
—X—2+:t‘“l'
x—2
x=1)2=3x+6
X - x
2+ 6
~2x + 2

There 1s a discontinuity at x = 1.
. (X2 =3x+6
Iim k~— - -] = —%

X x — 1 ,
=346

lirn k =5

el X - ]

Thus, x = 1.is a vertical asymptote.
The y-intercept is — 6.

There are no x-intercepts (x> — 3x + 6 > 0 for all

x in the domain).

A’y .
Forx < 1, < 0 and v 1s always concave down.

o

d-y .
For, x > 1, Sz 0 and y 1s always concave up.

The line y = x — 2 1s an oblique asymptote.

J- This function is continuous everywhere, so it has
no vertical asymptotes. It also has no horizontal
asymptote, because

lim (x — 4)' = = and lim (x - 4)' = .

The x-intercept of the function is found by letting
f(x) = 0. which gives
(x =4y =0

x=4
The y-intercept is found by letting x = 0, which
gives f(0) = (0 — 4)% = 2.5.
The derivative of the function is
fix) = (2) (x ~ 4)“%« and the second derivative is
f(x) = (*— f,) (x - 4)“%‘ Neither of these derivatives
has a zero, but each is undefined for x = 4,50 itis a
critical value and a possible point of inflection.

dy 4
dx (x — 1)
L. dy
For critical values, we solve ol 0:
1 4 =0
(x = 1)
(x-1)Y=4
x—1==2
x=—=lorx = 3.
-1 < 1<
Interval Tl = - -
nterval | x < — 1 |x 1)(<1 v<3 ¥ 3ix>3
dy
~ >0 =0 <0 <0 =0 >0
dx
Graph |Increas-| Local |Decreas-|{Decreas-| Local fincreas-
ofy ing Max ing ing Min ing
d*y _ 8
d*x  (x - 1)
4-40

Chapter 4: Curve Sketching

x x <4 x =4 x> 4
£{x) - Undefined +
Graph Dec. Local Min Inc.
Fr{x) - Undefined -

Concavity Down Undefined Down
y
5.
4_
24
]_
X

03 4 6 8w

_.]-

o



b.
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-/

6.y =ax" + bx’ + cx +d
Since (0. 0) is on the curve d = 0:

Iy ,
a 3ax® + 2bx + ¢
dx
v
A‘ Yy = 2‘ f“l = ()
dx

Thus, 12a + 4b + ¢ = 0.
Since (2. 4)1son the curve, 8a + 4b + 2¢c = 4
orda + 2b + ¢ = 2.

,12 )
L-'\: = bax + 2b
dx-
72
Since (0.0) 1s a point of inflection. %,% = {) when
x = (. )

Thus, 2b = 0

b = 0.
Solving for ¢ and ¢:
12a + ¢ =0
da + ¢ =2
Sa = —2
1
a= —=
4
¢ =3
The cubic polynomial is y = —%x" + 3x.

The y-intercept 15 0. The x-intercepts are found by
setting v = (&

I
—e=x(xt = 12) =0
4\(\ )

x=0, or x= 2\/i

Let y = f(x). Since f(~x) = jx* = 3x = —f(x),

I+

f{x) is an odd function. The graph of y = f(x) is

symmetric when reflected in the origin.
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7. a. Answers may vary. For example:
y

8~
6
4+
2

b. Answers may vary. For example:

| X
56 ;
s \
8. fx) = 75

There are no discontinuities.

. L R . .
The y-intercept is 5 and the x-intercept is k.

k
Y _ {(~ 1)(/(3 + XZ) - (k — X)(Q,X)
f) = (k7 + x%)?
_ X 2kx - k7
VSRS

For critical points, we solve f'(x) = 0:
X' = 2kx - k' =0
x? = 2kx # k¥ = 2k7

(x — k) =2k*

x— k= +\2k

x=(1+V2)korx= (1 - V2)k

Interval X< X —04%k < = x>
=041k | 041k {x< 241k | 241k 2.41k
f(x) =0 <0 <0 =0 >0
Graph Increasin tocal Decreasin Local Increasin
of #(x) 91 Max 91 Min 9
4-42

k1
hm( - ) = lim| &—= | =0
A k2 XZ X% {‘“; + 1
X°
L
lim{ &5—* =0
Xy __2 + l
Hence, the x-axis 1s a horizontal asymptote
/\y
3
2_

f/

B

9. g(x) = x'(x + 3)
There are no discontinuities.

_x+ 342 3(x+ 1)
3xi(x + 3) 3x(x + 3)
_ v+ 1
3xi(x + 3)
g (x) = 0whenx = —1.
g'{x) does’texist when vy = Dory = —3
intervali x < =3 |x = ~3 W/jf]Xx: -1 »LT)X x=01 x<0
Does Does
g2 {x) >0 not <0 =0 >0 rnot >0
Exist Exist
Graph - | Increas- | Local |Decreas-| Local |Increas- Increas-
of g{x) | ing Max ing Min ing ing

There is a local maximum at (-3, 0) and a local
minimum at (— 1, —1.6). The second derivative is
algebraically complicated to find.

Interval |y < —3{x= -3 w3 x=01{ x>0
x <0
. Does Not Does Not
A I e A P

Graph [Concave Cus Concave| Point of { Concave
g"(x) | Down P Up [Inflection] Down

Chapter 4: Curve Sketching



Y
6 -
4
2_

P X
6-#89 2 4 6
__4_

(e, |
10. a. f(x) = — a
S0 = G

l‘m J(x) = lim ~-~~7_w§:i_

y = L is a horizontal asymptote to the right-hand

branch of the graph.

since x > 0

lim f(x) = lim - T since |x| = —x
¥ oy = N J_.‘r ,] -—;
VTR
forx < 0
= ]]n] "M*r:—v._};::—:::::
S 1
=1+ =
X”
= -]
y = =1 is a horizontal asymptote to the left-hand
branch of the graph.
Y
2_
] ..............
X
B T3
—————————— —1
P =

Calculas and Vectors Solutions Manual

b. g{(1) = Vit a4 - NP+

VR A= NP (VA V)
VE + A+ VE 4o
_ 3
IRV/Z AR/
_ 3t
1] J+i+!z! //1 +1
N Y 1
limg(r) =2 =3 since 1] = rfor¢ >0
v
lim g(1) = == = —5.since [t| = ~1forr <0
N 3
y =3and v = —3 are horizontal asymptotes.

1y =ax’+ by’ + ¢cx + d

1y N
o 3ax® + 2bx + ¢

dx
d?y , i

=~ = bax + 2b = 6(1(.\' + -—»)~>
dx- 3a

. . . . d”y
For possible points of inflection. we solve el 0
b ‘

X =
'%a

The sign of dmnvcs as v goes from values less

l .
than -5, 10 values greater than ~§;_ Thus, there is a
it of i » b
point of inflection at x = W
b dy by h
Aty = — = 3a J——— + 2p — = + ¢
34’ dx 3a 34
h?
= e e
3a

Review Exercise, pp. 216-219

lLa.i. x <1

fl.x > 1

jii. (1, 20)

b.ix < -3 -3<x<1l,x>6S5

il <x <3 3<x<65

iii. (1, — 1), (6.5, - 1)

2. No. A counter example is sufficient to justify the
conclusion. The function f(x) = x” is always
increasing yet the graph is concave down for x < §
and concave up for x > (.
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Joa. flx) = =2x" + 9x? + 20
fr(x) = —6x* + 18x
For critical values, we solve:
f'x)=0
—6x(x —3) =40
x={orx =3
f'(x)=—-12x + 18
Since f”(0) = 18 > 0. (0. 20) is a local minimum
point. The tangent to the graph of f(x) is horizontal
at (0, 20). Since f"(3) = — 18 < 0, (3. 47) is a local
maximum point. The tangent to the graph of f(.x) is
horizontal at (3, 47).
b f(x) = x* — 8 + 18v" + 6

fx) = 4x* — 24x7 + 36x

flx) = dx(x? - 6x + 9)

f(x) = dx{x — 3¥

Let f{x) = O
dx(x =3y =0

x=0orx=3

The critical points are (0, 6) and (3, 33).

X x<0 0 0<x<3 3 x> 3
EZ - 0 + 0 +
dx
Graph Dec Local Inc Inc
Min

Local minimum at (0, 6)

(3, 33) is neither a local maximum nor a local
minimum.

The tangent is parallel to the x-axis at both points
because the derivative is defined at both points.

x-3
c. /1(x)=fz—+—7
X+ 7)) - (x = 3)(2
bisy = LD T) = o )29
_ 1+ 6x — x?
(2T
4-44

(7 = x)( +x)

S (7Y
Since x? + 7 > 0 for all x, the only critical values
occur when /1" (x) = 0. The critical values are x = 7
andx = — 1.

Interval | x < =1 | x= -1 |-1<x<7| x=17 x =7
W {x) < {) =) >0 = () <)
Graph Decreas- Local Increas- Local Decreas-
of h{t) ing Min ng Max ing

There is a local minimum at (~1. —3) and a local
maximum at (7. 7). At both points, the tangents are
parallel to the x-axis.

dg() = (x = 1)

0= 1)

Let g'(x) = O
1 :
%(\ = 1yT =90
There are no solutions, but g'(x) is undefined for

x = 1. so the point (1.0) 15 a critical point.

X x <1 1 X
f'{x) + Undefined +
Graph Inc. Inc.

(1.0) 1s neither a local maximum nor a local
minimum.

The tangent is not paralle] to the x-axis because it is
not defined for x = 1.

da.a<x<bx>e

b.b <x<c¢

c.x<a,d<xy<e

d.c<x<d

There is a discontinuity at x = 3,

. ( 2x ) w and i ( 2x > .
m = - b3 e = L
RS 1-»? x—3 an \Lr? x—3

Therefore, x = 3 is a vertical asymptote.
x—35
b. g{v) =
8 x+5
There is a discontinuity at x = — 5.

. x—35 . x -5
Itm =wand Im{——r]= —=
w5\ X + 5 =5 \X + 5§

Therefore, x = —5 is a vertical asymptote.

. x> = 2x ~ 15
S0 =T

Chapter 4: Curve Sketching




=y~ 5y# -3
There is a discontinuity at x = —3.
lim f(x) = —8and lim f(x) = ~8

yer =30 Ao 3
There is a hole in the graph of ¥ = f(x) at
(—3.—8).

g(x) = o 3)(\ D
To find vertical asymptotes. set the denominator
equal to O
(x = 5)x+4)y=10
= —4orxy =5
Vertical asymptotes at x = =4 and x = 5

5

l O —
o (x — 3 )\%4)

i , -
G TS+

= (X~ 5)(\ + 4)

S
lim ————
st (X = S)Hx + 4)

6.y = ,x'?‘ + 5
v o= 3y
y" = Ox
Lety” =0
6x = 0
x =0
The point of inflection is (0, 5)
Since the derivative is 0 at x = 0, the tangent line is
parallel to the x-axis at that point. Because the
derivative is always positive, the function is always
increasing and therefore must cross the tangent line
instead of just touching it.

T 210 1Y

Calculas and Vectors Solutions Manual

8.a.i. Concaveup: —1 <x <3

Concave down: x < — 1.3 <x

i. Points of inflection at x = —l and x = 3
iii. ¥V
80+

40-

4 \"U\/ 8 1

_40 B

_.80_

b. 1. Concave up: —45 <x < 1,5 <x
Concave down: x < —4.5.1 <x <5

ii. Points of inflectionatx = —45.x =l,andx = 5
ii. Ky
10+
5.,
X
Y EAC N DN
._5_
.__]0_
ax-+ b
9. a. o(y) = —
SR T T )
_ o ax + b
x? = 5x +4
, a(x? = 5x +4) — (ax + b)(2x = 5)
g'(x) = 7 ) 2
(x* = Sx + 4)
Since the tangent at (2, —1) has slope 0, g'(2) = 0.
PRy
Hence, ___ﬂj%‘l_fﬁ =Q0and b = 0.
Since (2. — 1) is on the graph of g(x):
IR
-2
2a + 0 =2
a=1.
- X
Therefore g(x) = G- ay
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b. There are discontinuities at x = 1 and x = 4.

16.a.y = x* = 8x2 + 7
This is a fourth degree polynomial and is continuous
for all x. The y-intercept is 7.

NJ

Y
limg(x) = ><and limg(x) = —= 8
r-] x—1
limg(x) = —x<and limg(x) = =
Xad X337 N
x = 1 and x = 4 are vertical asymptotes.
The y-intercept is 0. x
’,(X) — 4 — X’_ "‘4 "2 0 2 4
g (x? — 5¢ + 4) \
g'(x} = 0Owhenx = ®£2,
interval { x <X =2 | x= ~2] ~2 < 1< x =2 2 < x = 4 (_2 __9) -8 (2 __9)
x<1 | x<2 x<4 ’ ’
g'{x) <) 0 >0 > 4] <0 < )
Graph | Decreas-| Local |Increas- | Increas- | Local | Decreas- | Decreas- b. _ i\_:ml_
of g{x) ing Min ing ing Max ing ing ° f(’() - x + 1
There is a local minimum at (-2, —}) and a local .
maximum at (2, —1). x+1
y , From experience, we know the graph of y = —- is
}
i
3+ : oY
29 4 | ;
1 NS e W ¥ I
i 3 )
) ¥ N
=D 1 ¥ T T Y H
21, ! 23 1;3 5 E 2]
¥
-2 | | ! }
1 ! P |
_3_ § i &y T T T T
: -4 220/ 5 4
i
i
1
1
R

d ) ;
£ < 4x® — 16x
dx

=4dx(x = 2){x + 2)
The critical values are x = 0, —2 and 2.

Interval | x < -2 x= 2| -2« |x=0 O<x Jx=21]x>2
x <0 < 2
4 = = = 5
i < () 0 >0 0 < 0 >0
Graph. | Decreas-| Local | Increas- | Local | Decreas- | tocal |Increas-
ofy ing Min ing Max ing Min ing

There are local minima at (-2, —9) and at (2, - 9),
and a local maximum at (0, 7).

4-46

——J

The graph of the given function is just a

. . . 1 .
transformation of the graph of y = - The vertical
asymptote is x = —1 and the horizontal asymptote
is y = 3. The y-intercept is —1 and there is an
x-intercept at 1.

x?+1
4x* = 9
X2+ 1
(2x = 3)(2x + 3)
The function is discontinuous at x = —3 and at
v =1
lim g(x) = =

R ]

¢ gx) =

Chapter 4: Curve Sketching



Im g(y) = —=

Ak o

limg(y) = —=
Ve
Im g(x) = =
Ve
Hence. x = —5 and x = 5 are vertical asymptotes.

The y-intercept is —3.

) 20(4x? = 9) — (x* + 1)(8x) —26x
g'(x) = 5 5 =TT
{4x® — 9)° (4x° - 9)
g'(x) = 0 whenx = (.
3 3 3
I ¢ e o e <D e = < < e e
nterval | x 5173 x <0 x=0 10<x X 5
g'{x) >0 >0 = () <0 <0
;{;;’h Increasingl Increasing {Local Max| Decreasing|Decreasing

There 1s a local maximum at ((. —z‘))

RN
limg(x) = hm——— %7 = —and limg(x) = %
s \~«>’L4 I 4 XL
x4

Hence. v = 1 is a horizontal asymptote.

d)y = x(x — 4)°
This is a polynomial function, so there are no dis-
continuities and no asymptotes. The domain is
{veR}.
x-intercepts at vy = Dand x = 4
y-intercepts at y = ()
yo= (v - 4) + 3x(x — 4)
vio= (x = 4) (v — 4+ 3x)
Y= A= 4P (= 1)
Lety = O
dx -4 (x—-1)=0
x=4orx =1
The critical numbers are (1, —27) and (4, 0).

Il

Calculas and Vectors Solutions Manual

X x <1 1 1< x4 4 x4
dy 0 0
dx
Graph Dec Local Inc Inc
P Min :

Local minimum at (1. —27)
(4. 0) is not a local extremum
V= AR = (= 1)+ (x - 4))

Y= 4(2(,\' - 4)<.\‘ — 1+ -‘--‘-!;f»

3
y" = 8(’«}‘ - 4)(”2',\ - 3>

Letv" = O

; 3
o of 2 3)

yx=40rx =12
The points of inflection are (2. —16) and (4, 0).

0

|

X x < 2 2 D x < 4 4 X o4
EZ + 0 - 0 +
dx
point of point of
Graph © U inflection| © down inflection ¢ up

The graph has a local minimum at (1, —27) and
points of inflection at (2. —16) and (4, 0), with
x-intercepts of 0 and 4 and a y-intercept of 0.

Ry
4 -
2 -
X
-2 Y
—20
—4()
e. h(x) = —_—
) = T T v
X 5
:——*———-7: '_/»—2_“
Goap W2

There is a discontinuity at x = 2
hm/ii(x) = = = limh(x)

2 X2
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Thus, x = 2 is a vertical asymptote. The y-intercept
is 0.
W(x)=(x=2)+x(=2)(x = 2) (1)

_x =22
(x = 2)°
=2 -x
(x = 2)°
i'(x) = 0 whenx = —2.

interval X< =2 X= ~2 1=2<x<2 x> 2
h'{x) <0 = >0 <0
Graph of | Decreasing | Local Min | Increasing | Decreasing
h{x}

There is a local minimum at (-2, -5).

1
fimhe) = lim = 357 =0
Similarly, ljrr_]h(x) = ()

The x-axis 1s a horizontal asymptote.
h'(x) = =2(x = 2)77 =~ 2(x = 2)7*

+ ox(x — 2)"*
= —4(x = 2)7 4 bx(x - 2) "
2+ 8
Gy

A"{x)y = Owhenx = —4
The second derivative changes signs on opposite

sides x = ~4, Henee {4, ) is a point of
inflection.
P
4+ !
i
1
1
o |
¥
1
1
% i ;
-4 -2 O 1 4
i
_2- :
i
]
H
~4 i
]
]
¢ f(z)~[2—3[+2
S -3
— 42
t—3

Thus, f(r) = ris an oblique asymptote. There is a
discontinuity at 7 = 3.

limf(t) = —o and limf(r) = =
13" 1—3"
4-48

Therefore, x = 3 is a vertical asymptote.
The y-intercept is —3.
The x-intercepts are t = [ and 1 = 2.

N g 2

[y =1 T

1 e o 2 —

f'(t) = O whenl =3y 0
(r—3Y =2

r—3=+\2
I:3i\/§.

t< t= [3-V2< |3<tg | t= t>
nterval| 3 V2 [3-Va|” 1< |3+4V2 |3+12]3+3
F{t) >0 =0 <0 <0 =0 >0
Graph | Increas- | local | Decreas- |Decreas-| Local |increas-
of ) | ing Max ing ing Min ing

(1.6, 0.2) is a Jocal maximum and (4.4, 5.8) is a local
minimum.

y Y

8' : 7
+ <

! ’

4 (4'.4,5'.8)

’
’

4
p£03)

DR O PR

2x + 4

1. af(x) = ‘xz—:”‘}(—z v
_2(xF — k) — (20 + 4)(2x)
- (XZ — k2)2
2x? + 8x + 2k°

(X2 o k2)2
For critical values, f'(x) = Oand x # *k:
A+ k=0
=4 V16 — 4k?
= 5 .
For real roots, 16 — 4k* = 0

-2 =k=2

The conditions for critical points to exist are
—2=k=2andx # *k.
b. There are three different graphs that results for
values of k chosen.

f(x)

X
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(=0

1
i
i
i
I
i
'
i
1
i
:
T T :
- - 0 2 4
:
+
t
b
i
;
]

i

For all other values of &, the graph will be similar to
that of 1(7) in Exercise 9.5.

Y \
4 X
.
z 3
___[ E.—;\\g i E :1
RSN
4] |
y X
, 2¢7 - Tx + 5
12.a. f(x) = ——
a. f(x) S
2
() = 1 — 34
Hx) = x =1

The equation of the oblique asymptote is
y=x — 3

x—3
2x — 120 = Tx + 5
2%% — x
—6x + 5
—6x + 3
2
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lim [y = f(x)] = lim [ oo ( -3+ 2_\—3 xﬂ

:]im{— 2 }:()

A 2,\‘ - ]
. 4y — x? — 15x — 50
b. f(x) = > -
x° = 3x
18x — 50
flx) = dx + 11 + ——=
x° — 3x
dx + 11

¥r = 3x)dxt — ¥ — 15x = 50

4 — 1247

TIx? — 15x
11x% — 33x
18x — 50

lim[y ~ f(x)]

- 18x ~ 50
=lm|dx + 11 -~ {4x + 1] + —5
e X 3y
850
.“"’/« 1 —
X
-0

13. g(x) = (x? — 4)°

g(x) = (x? — 4)(x? — 4)

g (x) = 2x(x? — 4) + 2x(x* — 4)

g (x) = dx(x? - 4)

g(x) = 4x(x ~ 2)(x + 2)
Setg'(x) =0

0=4dx(x — 2){(x +2)

—2orx = 0orx =2

x poewed
H < -2 —2<x<0 ] 0<x<2 x>2
ax he - 4 &
x-2 - -~ - +
x+2 - + + +
sign of | (=)(=)(=)| (=)(=)(H)| (+)(=)(+)| (+)(+)(+)
gl - - = 4 = - = +
Behaviour! 4 j increasin decreasin increasin
of glx) | decreasing | increasing >asing g

14. f(x) = x* + —g-xz CJe4 5 -d=x=3

f(x)=3"+3x -7
Set f'(x) = 0

0

X

Il

3x*+3x — 7

-3 = V(32 - 4(3)(~7)

2(3)
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x = —2107 or x = 1.107
f(x)=3x"+3x ~7
f(x)=6x+3

When x = —2.107.

F(—2.107) = 6(—-2.107) + 3

F(—2.107) = —-9.642

Since 7 (~2.107) < 0, a local maximum occurs
when x = —2.107.

when x = 1.107.

f7(1.107) = 6(1.107) + 3

f7(1.107) = 9.642

Since f"(1.107) > 0. a local minimum occurs when

X o= (1.107).
when v = —4,

f=4) = (=4 + 2(=4) = 7(=4) + 5

=4y = —064+ 24 + 28 + 5
f(~4) = =7
when x = —-2.107.

.3 2
(=2.107) = (=2.007)" + 2 (= 2.107)?
~ 7(~2.107) + 5

F=2107) = —9353 919 + 6.659 173 5
+ 14749 + 5

when x = 1.107.
. 3
FLI07Y = (1107 + »52‘(1.]07)2 -~ 7(1.107) + 5

FLI07)Y = 1356572 + 1.8381735 - 7.749 + 5
S11.107) = 0.446
when x = 3,

f3) = ()" + 337 = 76) + 5

f3)y=27+135-21+5
f(3) =245
Local Maximum: (—2.107, 17.054)
Local Minimum: (1.107, 0.446)
Absolute Maximum: (3, 24.5)
Absolute Minimum: (—~4, —7)
15, f(x) =4x* + 6x° — 24x ~ 2
Evaluate y = 4(0)° + 6(0)* — 24(0) — 2
)= ~2
f(x) = 4x’ + 6x° ~ 24x — 2
f{x)=12x" + 12v — 24
Set f'{(x) =0
0= 12x" + 12x — 24
0=12(x+x = 2)
0=12(x = 1)(x +2)
x=—2orxy =1
4-50

X < -2 -2 x <9 x>1
12(x - 1) - - +
X+ 2 - + +
Sign of X
=)=+ - +) = — +M+) =
Fx) (=)(=) (=)(+) (+)(+) = +
Behaviour increasin decreasin increasin
of £(x) 9 9 9
maximum at x = -2 minimum at x = 1
when x = —2,

f(=2) = 4(=2) + 6(—2)* = 24(-2) — 2
f(—2)= ~32+24 + 48 - 2
f(—2) =38
when x = 1,
A1) = 4(1) + 6(1)° = 24(1) - 2
fAy=4+6-24-2
f1) = ~—16
Maximum: (-2, 38) Minimum: (1. —16)
fi(x)=12x* + 12x — 24
Fr(x) =24x + 12
Set f'(x) =0

0=24x + 12
x = —0.5
X< —-0.5 x> ~0.5
W - :
ity concave down concave up
point of inflection at x = ~0.5

when x = —(.5,

f(—=0.5) = 4(—-0.5)* + 6(—0.5)* - 24(~-0.5) - 2
f(-05)=—-05+15+12-2

f(—05) =11

Point of inflection: (—0.5,11)

Ty
200+

160+

-l-—l f‘—lo T
1612 8__440« 4 8 1216

-804
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16. a. p(x): obligue asymptote, because the highest
degree of x in the numerator is exactly one degree
higher than the highest degree of x in the
denominator.

g{x): vertical asymptotes at x = —1 and x = 3;
horizontal asymptote aty = 0
r{x): vertical asymptotes atx = —1and x = I;

horizontal asymptote aty = 1
s(x): vertical asymptote at y = 2.

b. r(x) = rToax-e —, 2x -8
x* =1

(x4 + 2)

(- Dx + 1)

The domain is {x]x # —1, 1, xe R}.
x-intercepts: —2, 4; y-intercepl: 8

r has vertical asymptotes at x = —land x = 1.
r(—1.001) = —2496.75,s0 as x — ~ 1",

r(x)— — o

r(—0.999) = 2503.25,s0as x —» — 17, r(x) > =
r(0.999) = 4502.25,s0 as x > 17, r(x) — =
r(1.001) = —4497.75,s0 as x > 17, r{x) — — =

w8
X —2r -8 oxt XX
hm ——s——— = |lim e
P ves o X0 1
]
Xt
2 8
- X-
= lim T
¥y | - -
X
100
1 -0
=1
So.y = 1 is a horizontal asymptote on the left.
e 8
i x> —2x—8 i o X
m——s—— = |im ——
.r]-n«»'f- x- -1 \1->J -\'2 1
R
2 8
I ====
= lm X
i 1
1=
x°
_1-0-0
-0
= ]
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So, y = 1 is a horizontal asymptote on the right.
, (x> = 1)(2x = 2) = (x7 = 2x — 8)(2v)
F(x) = ‘ e
(x=— 1)
20 =20 = 2+ 2 - (20 - 4y - )
(7= 1)
B 2x° + 14y + 2
(7 = 1)

237+ T + 1)

-y

r' is defined for all values of x in the domain of r.
r(x) =0forx=—0.15and x = —06.85 r'(1) and
r'(—1) do not exist.

x < ~5.85 X = 6,85 ~6.85< x < ~1

W Tx 1 + 0

r{x) + 0

PRI | -1 <x<-0.15 x = ~0.15

x4 Ix 41 - 0

r{x) undefined - 0

-0.15 < <1 x =1 x> 1

XL T 4A + +

r{x) + undefined

ris increasing when x < —6.85, —(0.15 << x < I,
and x > 1. ris decreasing when —6.85 < x < —~ 1
and —1 < x < —0.15. r has a maximum turning

point at x = —6.85 and a minimum turning point at
x = —{.15.
., (x? — 1)*(4x + 14)
r (l’) - (XZ _ 1)4
— (2x% + 14x + 2)[2(x7 = 1)(2x)]
(x* = 1)
(= 1) (4 + 14) - dx(2x2 + 14x + 2)
B (= 1)
CAxt 4 14x? - 4x — 14 - 8x% — 56x7 — 8«
- (.\’2 _ })3
At =4 - 120 - 14
B (x* = 1)
—2(2x% + 21x* + 6x + 7)
B (x* = 1)

r” is defined for all values of x in the domain of r.
r"(x) = 0 for x = —10.24. This is a possible point
of inflection. r” (1) and r" (1) do not exist.

4-51




The graph is concave up for x < - 10.24 and

--1 < x < ]. The graph is concave down for
—10.24 < x < -1 and x > 1. The graph changes
concavity at x = — 1024, This is a point of inflec-
tion with coordinates (~10.24, 1.13).

r(—6.85) = 1.15 and r(—~0.15) = 7.85. The graph
has a local maximum point at (—6.85, 1.15) and a
local minimum point at (—0.15) = 7.85.

1

i

o
i)

BN
4

__r__r___-_-_
e

17. The domain is {x]|x # 0, x e R}: x-intercept: —2,
y-intercept: 8; f has a vertical asymptote at x = 0.
f(—0.001) = —7999.99, s0 f(x) — — as x — 0.
£(0.001) = 8000.00, so f(x) — < as x — 0",

There are no horizontal asymptotes.
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x < —10.24 x = 10.24 f/ (‘,) = \.'3
_ 3 2 0 )
2(2x + 21x% + 6x 4+ 7) + - 3t — ¢ - 8
(Xz - 1)3 + + - .\'2
3
r{x) + 0 — %E 8
=
x°
Tt <x< x=-1 f(x) is defined for all values of x in the domain of
223 + 21x2 + 6x + 7) - - ff(x) = 0whenx = 1.59. f(0) does not exist.
O~ 1P + 0 x<0 x=0 0< x <159
r{x) - undefined 20 -8 - -
—-t<xn<i x =1 e + 0 +
~2{2x° 4 21%% 4. 6x + 7) - - Fr(x) undefined -
o - 1P - 0 X = 1.59 x> 1.59
r(x) + undefined ¢ -8 0
x> 1 x t +
~202%% + VI 4+ 6 + 7) Fi{x) 0
(x* - 1P + fis increasing for x > 1.59 and decreasing for
) x < Oand 0 < x < 1.59. fhas a minimum wrning’
point at x = 1.59.

£ (x) = x?(6x7) — (2:’3 = 8)(2x) »

Y

x(6x%) — (2-.\'3 - 8)2

X

f" is defined for all values of x in the domain of f.
f"(x) = 0 when x = —2. This is a possible point of
inflection. f(0) does not exist.

X< ~2 X = =2 -2<x<0
273 + 16 - 0 +
0 - .
(%) + 0
x=0 x>0
26+ 16 + +
x° 0 +
(%) undefined +

Jis concave up when x < —2 and x > 0. fis con-
cave down when —2 < x < 0. The graph changes
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concavity where v = —2. This is point of inflection
with coordinates (—2.0).

f(1.59) = 7.56. The graph has a local minimum at
(1.59, 7.56).

18. If f(x) is increasing. then f'(x) > 0. From the
graph of ' f"(x) > 0 for x > 0. If f(x) is decreas-
ing, then f'(x) < 0. From the graph of f'. /" (x) < 0
for x < 0. At a stationary point. f'(x) = 0. From
the graph, the zero for f'(x) occurs at x = {). Al
x = 0. f'(x) changes from negative to positive, s0O
" fhas a local minimum point there.
. If the graph of fis concave up, then f" is positive.
From the slope of f°, the graph of fis concave up
" for —0.6 < x < 0.6. If the graph of fis concave
~down, then [ is negative. From the slope of {7, the
graph of f is concave down for x < —0.6 and
x > 0.6. Graphs will vary shghtly.

Y
2_
1
-2 -1 0 1 2
...']..
19, £/(x) = (x = 1)’(5) - 5x(24)(x - 1)(1)
(x = 1)
C5(x— 1) = 10x
(1)
=5 -5
C(x- 1)
_ Tt )
S (- 1y
Loy (= 1)(=5)
f ()‘) - (x . 1)(,
(=5 - 5)(3)(x ~ 1)°(1)
(x = 1)°
C(x=1)(=5) = 3(-5x - 5)
- (x = 1)*
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_10x = 20
S x- 1)
_10(x — 2)
(=)

The domain is {x|x # 1,xeR}. The x- and
y-intercepts are both 0. f has a vertical asymptote

atx = 1.

£(0.999) = 4995000 soas x — 17, f(x) = =
F(1.001) = 5005000 so as x — 17, f(x) — =

5x .
2x + 1

hm -5
Nep = X7

=0

y = 01s a horizontal
asymptote on the right.

hm —

Ve X7

Sx

- 2x +T

=)

y = 0 1s a horizontal
asymptote on the left.

f'{x) is defined for all values of x in the domain
of f. f'(x) = O whenx = — 1. f(1) does not-exist.

X< =1 x=~1 | -1<x <1 x =1 x>1
—5(x + 1) + 0 - - -
{x -1y - - 0 +
F{x) 0 + undefined -

fis decreasing when x < — 1 and x > 1. fis

increasing when — 1 < x < 1. fhas a minimum

= —].

turning point at x
" (x) is defined for all values of x in the domain of f.
f"(x) = 0 when x = —3. This is a possible point of
inflection.

f(1) does not exist.

XL =2 | = =2 | =2 <Y X =1 x>1
x+2 Q + + +
{x) - 0 + undefined +

The graph is concave down for x < ~2 and con-
cave up when —2 < x < I and x > 1. It changes

concavity at x = ~2. f'has an inflection point at
x = —2 with coordinates (—2, —1.11).
f(—1) = —1.25. fhas a local minimum at
(—1,-1.25).
%
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20. a. Graph A is . graph Cis f". and graph B is f.
We know this because when you take the derivative,
the degree of the denominator increases by one.
Graph A has a squared term in the denominator,
graph C has a cubic term in the denominator, and
graph B has a term to the power of four in the
denominator.

b. Graph Fis f. graph E is f" and graph D is . We
know this because the degree of the denominator
increases by one degree when the derivative is
taken.

Chapter 4 Test, p. 220

Lax<-%or-6<x<-3or0<x<dorx>8
b, -9<xy<~-6or-3<x<0ord <x<8§
(—9.1). (—6.-2).(0, 1), (8, —2)

x= -3 x =4

f(x) >0

“3<x<0ord <x<8§

(—8.0), (10. = 3)

a.g(x) = 2" = 8 — x7 + 6x

g(x)=8x" = 24x? - 2x + 6

To find the critical points, we solve g'(x) = 0

o

b= e

8x? — 24x = 2x + 6 =10

dxt = 12X = x + 3 =0

Since g'(3) = 0, (x — 3) 1s a factor.
(x = 3)(4.».—-’ = 1) =0

x=3orx = ~%m x =i

Note: We could also group to get
4x*(x = 3) — (x ~ 3) = 0.

b. g"(x) = 24x* — 48x — 2
Since g"(—1) = 28 > 0, (~4, —¥) is a local
maximum.

Since g"(—1) = —20 < 0, (3, %) is a local

maximum.
Since g”(3) = 70 > 0, (3, —45) is a local minimum.
3.
-1,7 y
(-=1.7) *
4 %(1.4)
b «
-I _ 0 H T T
6 -2 2246
-4
_6_
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4 N X+ 7x + 10
) = TG T )
The function g(x) is not defined at x = ~2 or
x = 3. Atx = —2, the value of the numerator is 0.
Thus, there is a discontinuity at x = —2, but
x = —721s not a vertical asymptote.

At x = 3, the value of the numerator is 40. x = 3 is
a vertical asymptote.

(x +2)(x+5) x+5
r{x )} = = X #E -2
A YT Tt
) . x+5
lim g(x) = lim (M~>
Xor2 o2 \X — 3
.3
S5
. . x+5
Jim g(x) = Tim (,\' - 3>
3
s

There is a hole in the graph of g(x) at (-2. —-;’)‘
+ 5
1m g(r) = lim (—»-m)
i-3\XY — 3

= — L

{

. . x+5
mg(x) = hm|-——72
3 a=3AX 3

= oL
There is a vertical asymptote at x = 3.

Also, | u'hg,(k;~ lim ),\\)~ 1.

R R

= 1 is a horizontal asymptote.

N

Thus, y
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6. f(x) = =5 10

(x = 3)(x + 3)

There are discontinuities at x = —3 and at x = 3.

x = —31s a vertical asymplote.

lim f(x) = = }
lim f(x) = ==
Iim fx) = —=

=3 }.x’ = 3 is a vertical asymptote.
lim f(x) = =
X33

The v-intercept is —4 and x = —5 is an x-intercept.

2(x7 = 9) — (2x + 10)(2)
(+* = 9)°
—2x? = 20x = 18
(“,Z = 9)2
For critical values, we solve f'(x) = O
10+ 9 =0
(x+ Dx+9)=0
x=—lorx = -9
(_9, —é) is a local minimum and (— 1. —1)isa
local maxamum.

il

I'(x)

2 10
' 3 te
I‘imf(x) = l|m53'~~;g =0 and
B
2
L,
imf(x) = lim| =5 | =0
Vs % Ny o
i =
v ={1sa

N

~10-8 —6 -

o
G L
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7.f(x) =x*+ bx’ + ¢
£7(x) = 3% + 2bx
Since f'(=2)=0,12 - 4b =10
b = 3.
Also, f(~2) = 6.
Thus, -8+ 12 +¢c =6
c=2.

f(x) =3x" + 6x

= 3x(x + 2)
The critical points are (—2, 6) and (0, 2).
f"(x) =6x+6

Since f"(~2) = —6 < 0. (~2,6) is a local

maximum.
Since f(0) = 6 > 0, (0, 2) is a local minimum.
Ny
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